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Abstract

The aim of this report is to present a formal framework for the integration of
heterogeneousmodelling techniques. This framework is basedon the integration
paradigm for data type and processmodelling techniquesby Ehrig and Orejas.

This speci�cation frame, consisting of integrated signaturesand models, is used
as common syntax and semantics for the heterogeneoustechniques. The con-
ceptsare divided into layersfor static parts, dynamic state spacesand processes.

As structuring conceptsunion over common subparts and re�nement are intro-
duced.

For the speci�cation of properties the abstract concept of logics of constraints
is used. As examplesof constraints conditional equations and pre- and post-
conditions of state transformations are de�ned.

The integration of modelling techniques is also done in terms of constraints.
More precisely, speci�cations from heterogeneoustechniques are consideredas
so-calledhigh-level constraints, which specify certain parts of the system.
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Chapter 1

In tro duction

The aim of this report is to present a framework for the integration of hetero-
geneousmodelling techniques. For this purposea common formal syntax and
semantics is de�ned, which is basedon the formal framework for the integration
of data type and processmodelling techniques by Ehrig and Orejas, presented
in [EO01a, EO01b, EOB+02b].

This framework divides systemsinto layers, which re
ects the di�eren t roles of
static parts, staying the sameover the whole lifetime of the system, dynamic
data states and transformations, describing the state spaceof the system, and
processeson thesestate spaces.

Transformations have a local 
a vour, they just transform one data state into
another one, without assuming other transformations to happen in advance
or to follow. In contrast to that, processesdescribe the possible interactions
of transformations, by assigningan interpretation in the state spaceto whole
transition systems.

A large classof heterogeneousmodelling techniques can be interpreted in this
framework, asalreadyshown in [EO01a]. Such interpretations de�ne a semantics
for the speci�cations of the techniques in terms of classesof integrated models
satisfying the speci�cation.

These interpretations are used to de�ne \high-lev el" constraints on integrated
signatures by adding the information, how the parts described by the speci�-
cation can be found in the integrated signature. This leads to the possibility
of combining speci�cations from di�eren t modelling techniques, which describe
di�eren t parts of an integrated system.

For example, class diagrams could be used to describe the structure of the
data type and the data states, algebraic speci�cations with initial semantics
can describe the static operations of a system, rule-basedapproaches, such as
graph transformation, can specify the e�ect of transformations and techniques
with operational semantics, de�ned in terms of transition systems or related
structures, can be interpreted to de�ne processesof a system.

The report is organizedas follows:

In Chapter 2 integrated signaturesand modelsare intro ducedasa formal frame-
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CHAPTER 1. INTR ODUCTION

work constituting the common syntax and semantics. Moreover, the relations
between di�eren t signatures and models of them are captured in terms of sig-
nature morphisms and model restrictions.

In Chapter 3 structuring conceptsfor integrated signaturesare examined. The
union of signatures over a common subpart leads to the amalgamation of cor-
responding models, while the re�nement of more abstract signatures by more
concreteonesleads to the possibility of abstracting models of the concretesig-
nature to becomemodels of the abstract one.

In Chapter 4 logics of constraints are intro duced as means to specify proper-
ties of systems. As examplesof \lo w-level" constraints conditional equations
and pre- and post-conditions for transformations are presented. Moreover the
concept of \high-lev el constraints" is explained. As examplesof high-level con-
straints, CCS processesand algebraic graph transformation are examined.

In Chapter 5 a larger exampleof a messagesystemwith asymmetric encryption
is speci�ed using the techniques developed in the report.

Finally, in Chapter 6 some remarks on related work and future perspectives
concludethe report.

Ac kno wledgemen ts:

I wish to thank Hartmut Ehrig, Fernando Orejas, Markus Klein and Martti
Piirainen for many fruitful discussionsand comments.

This work is partially supported by the DFG research project \Researcher Group
Petri-Net-T echnology" and the DFG project IOSIP within the priorit y pro-
gramme \In tegration of Software Speci�cation Techniques for Applications in
Engineering".
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Chapter 2

Formal Framew ork

In this chapter we will intro duce the formal framework, which shall be used
as a common syntax and semantics for di�eren t kinds of modelling techniques.
This framework is a modi�cation of the framework for the integration of data
type and processmodelling techniques proposedin [EO01a] and elobarated in
[EO01b, EOB+02b].

Systemscan be divided into four layers intro duced in [EO98]:

1. Data Types: This layer contains the static parts of a system in terms of
data valuesand operations on them.

2. Data States and Transformations: On this layer the dynamic behaviour
of a system is captured. There are a classof data states the system can
be in and transformations betweenthesestates.

3. Processes:The reactive states and transitions are subject of this layer. It
is usedto model how transformations can be composedin the system.

4. SystemArchitecture: On this layer meansfor structuring systemdescrip-
tions are intro duced.

The framework of this chapter will deal with the �rst three layers,where in the
following we will divide the secondlayer into a data state and a transformation
part. The fourth layer is addressedby the structuring conceptsin Chapter 3.

2.1 In tegrated Signatures and Mo del Categories

Integrated signaturesaresyntactic descriptionsof the structure of systems,while
on the semantical side integrated models are representations of systemswhose
structure is given by an integrated signature.

The relations between di�eren t models of the same signature are captured in
terms of integrated model homomorphisms. A model homomorphism h de-
scribes how a more \general" model can be found in a less \general" one.
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CHAPTER 2. FORMAL FRAMEW ORK

Model homomorphisms for integrated models were not considered so far in
[EO01a, EO01b, EOB+02b].

To get proper model categoriesthere also has to be a composition of homomor-
phisms, which is associative and has neutral identities for each model.

We will �rst look at the layers seperately in Subsections2.1.1 through 2.1.4
and then de�ne the integrated notions by just putting the piecestogether in
Subsection2.1.5.

2.1.1 Data Type Layer

On the data type layer the static part of a system is described by an algebraic
signature on the syntactical side.

De�nition 2.1.1 (Data T yp e Signature)
A data type signature is an algebraic signature � DT , which is a set � DT,S of
sort symbols and a set � DT,Op of operation symbols with functions dom and cod
assigningdomains and codomains to operation symbols.

� DT = (� DT,S , � DT,Op, dom, cod)
with � DT,S ∈ Set

� DT,Op ∈ Set
dom: � DT,Op → � ∗

DT,S

cod: � DT,Op → � DT,S ∪ {λ}

We will write data type signaturesas follows:

data type:
sorts: s1, . . . (s1 ∈ � DT,S)
opns: op: dom(op) → cod(op) (op ∈ � DT,Op)

Operation symbols P with empty codomain cod(P ) = λ are interpreted as
predicate symbols and written P : dom(P ). The category of algebraicsignatures
will be denoted by AlgSig in the following.

Data type models are partial algebras,which interpret the structure given by
an algebraic signature by carrier sets for sort symbols and partial functions for
operation symbols.

De�nition 2.1.2 (Data T yp e Mo del)
Given a data type signature � DT , a data type model is a partial � DT -algebra
MDT , i. e. a sort-indexed family of setsMs and an operation-indexed family of
partial functions opM .

MDT =
�

(Ms)s∈ΣD T ;S
, (opM )op∈ΣD T ;O p

�

with Ms ∈ Set
opM : Mdom(op) −→◦ Mcod(op)

where Ms1 ...sn = Ms1 × . . .×Msn

Mλ = {∗}

9



2.1. INTEGRA TED SIGNATURES AND MODEL CATEGORIES

Operation symbols con with empty domain dom(con) = λ are interpreted as
constants conM = conM (∗) ∈ Mcod(op) and operation symbols P with empty
codomain cod(P ) = λ as predicates with (x1, . . . , xn) ∈ PM if and only if
PM (x1, . . . , xn) de�ned with PM (x1, . . . , xn) = ∗ and, hence,(x1, . . . , xn) /∈ PM

if and only if PM (x1, . . . , xn) is unde�ned.

For operation symbols op we denote by the domain Dom(opM ) of op in MDT

the set of all elements of Mdom(op) for which opM is de�ned.

A homomorphismbetweendata typesis a partial algebrahomomorphism,which
is a family of (total) functions betweenthe sorts, being compatible with the op-
erations. Elements of the sorts of the sourcealgebracan be identi�ed, leading to
\confusion". The sorts of the target algebra can contain \junk", i. e. additional
elements, which are not in the codomain of the homomorphism. For partial
algebrasthere are di�eren t types of homomorphismsdepending on how unde-
�ned valuesare treated. We choosea version where the image of an unde�ned
operation application can be de�ned.

De�nition 2.1.3 (Data T yp e Mo del Homomorphism)
Given two data type models MDT and NDT , a data type model homomorphism

is a partial algebra homomorphism hDT : MDT → NDT , i. e. a sort-indexed
family of total functions hs: Ms → Ns. These functions have to be compatible
with the operations in the sensethat they assignto the result of an operation
application in MDT the result of the operation application on the images of
the arguments in NDT (seeFig. 2.1). If an operation application is unde�ned
in MDT , the corresponding application in NDT can either be de�ned (and the
result is not restricted in any way) or unde�ned.

hDT : MDT → NDT = (hs: Ms → Ns)s∈ΣD T ;S

with hdom(op)(Dom(opM )) ⊆ Dom(opN )
opN ◦ hdom(op) ' hcod(op) ◦ opM

where hs1 ...sn = hs1 × . . .× hsn

hλ = {∗ 7→ ∗}
f ' g ⇐⇒ ∀x ∈ Dom(f ) ∩Dom(g): f (x) = g(x)

Mdom(op)

hdom ( op )//

opM

��
(')

Ndom(op)

opN

��
Mcod(op)

hcod ( op )

//Ncod(op)

Figure 2.1: Data type homomorphisms

Now wede�ne compositions and identities for data type model homomorphisms.

De�nition and Fact 2.1.4 (Data T yp e Homomorphism Comp osition)
Given two data type homomorphisms gDT : LDT → MDT and hDT : MDT →
NDT , the composition hDT ◦ gDT : LDT → NDT is an integrated model homo-
morphism de�ned by the composition of the functions for all sorts.

hDT ◦ gDT = ((h ◦ g)s)
s∈ΣD T ;S

= (hs ◦ gs)s∈ΣD T ;S
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CHAPTER 2. FORMAL FRAMEW ORK

The composition of data type model homomorphismsis associative, i. e. (hDT ◦
gDT ) ◦ fDT = hDT ◦ (gDT ◦ fDT ) for all fDT : KDT → LDT , gDT : LDT → MDT

and hDT : MDT → NDT .

Pro of: Wehaveto show that the composition results is a proper homomorphism
and is associative.

Homomorphism Prop erties: The properties for hDT and gDT have to imply
the property for hDT ◦ gDT , i. e. the de�nednessof operation applications
has to be preserved and the operation applications have to be compatible
with the homomorphism.

• For the preservation of de�nednessof operation applications we get:

hdom(op)(gdom(op)(Dom(opL)))
⊆ (gDT data type homomorphism, Def. 2.1.3)

hdom(op)(Dom(opM ))
⊆ (hDT data type homomorphism, Def. 2.1.3)

Dom(opN )

• For the compatibilit y of the operation applications themselvesweget:

opN ◦ hdom(op) ◦ gdom(op)

' (hDT data type homomorphism, Def. 2.1.3)
hcod(op) ◦ opM ◦ gdom(op)

' (gDT data type homomorphism, Def. 2.1.3)
hcod(op) ◦ gcod(op) ◦ opL

Asso ciativit y: The associativit y follows directly from the associatvit y of com-
position for functions and families of functions.

Hencethe composition of data type homomorphismsleads to data type homo-
morphisms and is associative. �

De�nition and Fact 2.1.5 (Data T yp e Iden tities)
Given a data type model MDT , the identity idMD T : MDT →MDT is a data type
model homomorphism de�ned by identities for all sorts.

idMD T = (ids)s∈ΣD T ;S
= (idMs )s∈ΣD T ;S

The identities of data type models are neutral w. r. t. composition, i. e. hDT ◦
idMD T = hDT = idND T ◦ hDT for all hDT : MDT → NDT .

Pro of: The homomorphism properties of identities are obviously satis�ed, be-
causeidentities preserve domains and opN ◦ iddom(op) = opN = idcod(op) ◦ opN .

The neutralit y of identities follows directly from the neutralit y of identit y func-
tions. �

The category of all partial algebrasand partial algebra homomorphismsfor an
algebraic signature � will be denoted by PAlg(�).
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2.1. INTEGRA TED SIGNATURES AND MODEL CATEGORIES

Example: As an example let us consider a signature NatDT for the natural
numbers.

NatDT =
data type:
sorts: nat
opns: zero: nat

succ: nat→ nat
add: nat nat→ nat
sub: nat nat→ nat

Now the model NATDT for this signature is the intended interpretation with
natural numbers as sort NATnat and the constant 0, the successorfunction,
addition and partial subtraction as operations.

NATnat =
�

zeroNAT = 0
succNAT (n) = n + 1
addNAT (n, m) = n + m

subNAT (n, m) =
�

n−m, if n ≥ m
unde�ned, else

A secondmodel MODDT for the same signature is given by the set {0, 1, 2}
and operations de�ned modulo 3.

MODnat = {0, 1, 2}
zeroMOD = 0
succMOD(n) = (n + 1) mod 3
addMOD(n, m) = (n + m) mod 3
subMOD(n, m) = (n−m) mod 3

Now there is a data type homomorphismmodDT : NATDT →MODDT between
the two models.

modnat(n) = n mod 3

Note that modnat is \de�ning" for all applications of sub that are unde�ned in
NAT , becausesubMOD is a total function.

2.1.2 Data State Layer

On the data state layer the dynamic states of the systemare described. On the
syntactical side there is a data state signature which is an extension of a data
type signature. On the semantical side this is interpreted by a classof partial
algebras,which are extensionsof a data type model.

The additional sorts and operations of the data state signature will be called
dynamic asopposedto the static sortsand operationsof the data typesignature.

12



CHAPTER 2. FORMAL FRAMEW ORK

De�nition 2.1.6 (Data State Signature)
Givena data typesignature � DT , a data state signature is an algebraicsignature
� DS extending � DT .

� DS ∈ AlgSig
with � DT ⊆ � DS

We will write data state signaturesasfollows, wherewe ommit the parts already
present in the data type signature:

data state:
sorts: s1, . . . (s1 ∈ � DT,S \ � DT,S)
opns: op: dom(op) → cod(op) (op ∈ � DT,Op \ � DT,Op)

De�nition 2.1.7 (Data State Mo del)
Given a data type model MDT and a data state signature � DS , a data state

model is a classMDS of data states, which are partial � DS-algebrasextending
MDT .

MDS ⊆ {A ∈ PAlg(� DS) |A|ΣD T = MDT }

A homomorphism betweendata state models is a function between the classes
of data states. This function is uniquely determined by the following conditions:

• The dynamic sorts are identical in a data state and its image.

• The dynamic operations are de�ned homomorphic, i. e. such that the data
type homomorphismtogether with identities for dynamic sorts, is a partial
algebra homomorphism betweenthe data states.

• Operation domains for dynamic operations are preserved by the homo-
morphism, which meansthat operations are not allowed to be de�ned for
the imagesof tuples, for which the source operation is not de�ned, and
for additional elements in the data type sorts.

These conditions are necessaryfor the restriction construction in Section 2.2,
where we need to ensure that for data states identi�ed by the restriction the
imagesunder an homomorphism are also identi�ed.

Data states can be identi�ed by a data state homomorphism if they only di�er
in operation results identi�ed by the data type homomorphism. There can be
additional data states in the target model that are not in the codomain of the
function.

De�nition 2.1.8 (Data State Mo del Homomorphism)
Given a data type homomorphismhDT : MDS → NDS, and two data state mod-
elsMDS and NDS w. r. t. MDT and NDT , a data state model homomorphism is
a function hDS : MDS → NDS assigninga data state in NDS to each data state
in MDS , such that all dynamic sorts are identical and all dynamic operations
are compatible with the data state homomorphisms hA: A → hDS(A), which

13



2.1. INTEGRA TED SIGNATURES AND MODEL CATEGORIES

are extensionsof hDT with identities for the dynamic sorts. Additionally the
domains of operations have to be preserved by the state homomorphisms.

hDS : MDS → NDS

with ∀s ∈ � DS,S \ � DT,S :
hDS(A)s = As

hA: A→ hDS(A) = (hDT , (idAs )s∈ΣD S ;S \ΣD T ;S ) part. alg. hom.
∀op ∈ � DS,Op \ � DT,Op:

hA,dom(op)(Dom(opA)) = Dom(ophD S (A))

Since data state homomorphismsare functions, composition and identities are
just composition and indentities for functions.

De�nition and Fact 2.1.9 (Data State Homomorph. Comp osition)
Given two data state homomorphisms gDS : LDS → MDS and hDS : MDS →
NDS , the composition hDS ◦ gDS : LDS → NDS is a data state homomorphism.
The composition of data state homomorphismsis associative, i. e. (hDS ◦gDS) ◦
fDS = hDS ◦ (gDS ◦ fDS) for all fDS : KDS → LDS , gDS: LDS → MDS and
hDS : MDS → NDS .

Pro of: We again have to show the homomorphism properties and associativit y
of composition.

Homomorphism Prop erties: The homomorphism properties of hDS ◦ gDS ,
that we have to show to be implied by those of hDS and gDS , are the
identit y of dynamic sorts, a homomorphismexisting betweeena data state
and its image and the identit y of the domains of dynamic operations.

• We �rst show that the dynamic sorts are identical:

∀s ∈ � DS,S \ � DT,S :
hDS(gDS(A))s

= (hDS data state homomorphism, Def. 2.1.8)
gDS(A)s

= (gDS data state homomorphism, Def. 2.1.8))
As

• The algebra homomorphisms (h ◦ g)A: A → hDS(gDS(A)) between
the data states of LDS and NDS can becomposed from the ho-
momorphisms gA: A → gDS(A) for gDS and hgD S (A): gDS(A) →
hDS(gDS(A)) for hDS and are therefore proper homomorphisms.

• The last property to show is the identit y of operation domains:

∀op ∈ � DS,Op \ � DT,Op:
hgD S (A),dom(op)(gA,dom(op)(Dom(opA)))

= (gDS data state homomorphism, Def. 2.1.8)
hgD S (A),dom(op)(Dom(opgD S (A)))

= (hDS data state homomorphism, Def. 2.1.8)
Dom(ophD S (gD S (A)))

Asso ciativit y: The associativit y of composition follows directly from the as-
sociativit y of function composition, since data state homomorphismsare
functions.

14
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Hencethe composition of data state homomorphismsleadsto data state homo-
morphisms and is associative. �

De�nition and Fact 2.1.10 (Data State Iden tities)
Given a data state model MDS, the identity idMD S : MDS → MDS is a data
state homomorphism. The identities of data state models are neutral w. r. t.
composition, i. e. hDS ◦ idMD S = hDS = idND S ◦hDS for all hDS : MDS → NDS .

Pro of: The identit y is a proper homomorphism, becausethe dynamic sorts
are identical by de�nition, identities are partial algebra homomorphisms and
unde�nednessis obviously preserved by identities.

The neutralit y of identities follows directly from the neutralit y of identities on
classes. �

Example: We continue the exampleby adding a dynamic attribute att of sort
nat to get the data state signature NatDS .

NatDS = NatDT +
data type:
opns: att: nat

In the model NATDS we get a data state for each natural number.

NATDS = {Ai = (NATDT , i) | i ∈
�
}

Note that the data state, where att is unde�ned is not included in NATDS .

In the model MODDS we just have three data states, becauseMODnat only
contains three values.

MODDS = {A′
i = (MODDT , i) | i ∈ {0, 1, 2} }

Again we did not include the fourth possibility that att is unde�ned.

Now we have a data state homomorphism modDS betweenthesestate classes.

modDS(NATDT , n) = (MODDT , n mod 3)

2.1.3 Transformation Layer

On this layer transformations between data states are intro duced. There is a
transformation signature consisting of transformation symbols with input and
output parameters in the syntax.

De�nition 2.1.11 (T ransformation Signature)
Givena data state signature � DS , a transformation signature is a triple (� Tr, in,
out) with a set � Tr of transformation symbols and families in(t) and out(t) of

15



2.1. INTEGRA TED SIGNATURES AND MODEL CATEGORIES

input and output parameter variables, typed by sorts of � DS , for each transfor-
mation symbol t.

� Tr ∈ Set
in: � Tr → SetΣD S ;S

out: � Tr → SetΣD S ;S

We will write transformation signaturesas follows:

trafos: t(x1: s1, . . . ; x′
1: s′1, . . .) (t ∈ � Tr, x1 ∈ in(t)s1 , x

′
1 ∈ out(t)s0

1
)

A transformation de�nes which data states can be transformed by giving a set
of transformation steps, which contain the source and target data state and
assignments from the input parameters to the sourcedata state and from the
output parametersto the target data state.

De�nition 2.1.12 (T ransformation)
Given a data state model MDS and a transformation symbol t with parameters
in(t) and out(t), a transformation tM is a subclassof the classTrExpr(MDS , t)
of all possible transformation expressions tA,B(a, b), where A is a data state
that is transformed into B with parameter assignments a and b.

tM ⊆ TrExpr(MDS , t)
where TrExpr(MDS , t) = { tA,B(a, b) |A, B ∈MDS ,

A ∈MDS , a: in(t) → A,
B ∈MDS , b: out(t) → B }

These transformations allow di�eren t interpretations. If a transformation is
meant to specify changesto a only a part of the data state it can do this either
tight, keepingall other elements of the data state the same,or loosely, allowing
arbitrary changesto the other parts. We do not enforce one of these choices,
but when lifting transformations during amalgamation in Subsection3.1.3 we
apply a looseinterpretation.

The transformation model is a family with a transformation for each transfor-
mation symbol.

De�nition 2.1.13 (T ransformation Mo del)
Given a transformation signature (� Tr, in, out), a transformation model MTr

contains a transformation tM for each transformation symbol.

MTr = (tM )t∈ΣT r

Wewish to allow transformation stepsto interleave, if they arebetweenthe same
data states. For this reasonwe intro ducea secondmodel, which consistsof sets
of possibletransformation stepsbetweentwo data states. As a special casethe
empty set is a possibletransformation set betweenall data states,meaning that
all changesoccur due to the environment.

If transformations are speci�ed tightly , they can only interleave, if they agree
on sometransformation steps. For example a transformation sqr squaring an
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attribute att:→ nat could interleave with a transformation dbl doubling att
on the step from att = 2 to att = 4 to becomea transformation set T2,4 =
{sqr2,4, dbl2,4}.

If transformations are speci�ed loosely, they can interleave between all data
states where both changea part of the system. We have no meansof demand-
ing theseparts to be disjoint, becausethe parts supposedto be changedby the
environment are not explicitly distinguished from the parts the transformation
is willing to changeitself, but can only indirectly be concludedfrom the obser-
vation, whether all possiblechangesare included in the transformation or only
someare selected.However, interleaving transformation stepshave to agreeon
all changes,hencealso on the part both want to change.

De�nition 2.1.14 (T ransformation Set Mo del)
Given a transformation model MTr, the transformation set model MTS is the
classof all setsof transformation steps,which agreeon the data states, that are
transformed.

MTS = {TA,B |A, B ∈MDS, TA,B ⊆ Trans(A, B)) }
where Trans(A, B) = { tX,Y (x, y) ∈

S
MTr |X = A, Y = B }

We can interpret the data states and transformation setsas nodesand edgesof
a (large) graph, called data state transformation system. This graph represents
the whole (data) state spaceof the modelled system. It will be usedas a target
for labelling processscenarioson the next layer.

De�nition 2.1.15 (Data State Transformation System)
Given a data state model MDS and a transformation set model MTS , the data

state transformation system (short DSTS) MDSTS is a graph with the data
states MDS as nodes and the transformation sets MTS as edges,where each
transformation set TA,B is an edgebetweenA and B.

MDSTS = (MDS , MTS , src, trg) ∈ Graph
with src(TA,B) = A and trg(TA,B) = B

A transformation model homomorphism is, if it exists, uniquely determined by
the underlying data state homomorphism. It assignsto every transformation
stepa transformation stepbetweenthe imagesof the data stateswith the images
of the parameters.

Again transformation stepsare identi�ed, if they only di�er in valuesidenti�ed
by the data type homomorphisms. and the target model can contain additional
transformation steps.

De�nition 2.1.16 (T ransformation Mo del Homomorphism)
Given a data state homomorphism hDS : MDS → NDS and two transformation
models MTr and NTr w. r. t. MDS and NDS , a transformation model homo-

morphism hTr: MTr → NTr is a family of functions ht: tM → tN between the
transformations in MTr and the transformations in NTr which is compatible
with hDS (seeFig. 2.2).

hTr: MTr → NTr = (ht: tM → tN )t∈ΣT r

with ht(tA,B(a, b)) = thD S (A),hD S (B)(hA ◦ a, hB ◦ b)

17
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in(t) a //

a0

��:
::

::
::

::
::

(=)

A

hA

��

_

hD S

��

tA;B (a,b)
+3

_

ht

��

B

hB

��

_

hD S

��

out(t)boo

b0

����
��

��
��

��
�

(=)

A′
tA 0;B 0(a0,b0)

+3B′

Figure 2.2: Data state and transformation homomorphisms

The composition of transformation homomorphisms and the transformation
model identities are again basedon the composition of functions and classiden-
tities.

De�nition and Fact 2.1.17 (T ransformation Hom. Comp osition)
Given two transformation homomorphismsgTr: LTr → MTr and hTr: MTr →
NTr, the composition hTr ◦gTr: LTr → NTr is a transformation homomorphism
de�ned by the composition of the functions for each transformation symbol.

hTr ◦ gTr = ((h ◦ g)t)t∈ΣT r
= (ht ◦ gt)t∈ΣT r

The composition of transformation homomorphisms is associative, i. e. (hTr ◦
gTr) ◦ fTr = hTr ◦ (gTr ◦ fTr) for all fTr: KTr → LTr, gTr: LTr → MTr and
hTr: MTr → NTr.

Pro of: Since there are no additional porperties, that need to be satis�ed for
transformation homomorphisms(they are uniquely determined by the underly-
ing data state homomorphism), the composition of transformation homomor-
phisms is obviously a transformation homomorphism.

Associativit y of the composition is again implied directly by associativit y of
function and function family composition. �

De�nition and Fact 2.1.18 (T ransformation Iden tities)
Given a transformation model MTr, the identity idMT r : MTr →MTr is a trans-
formation homomorphism de�ned by identities for all transformation symbols.

idMT r = (idt)t∈ΣT r
= (idtM )t∈ΣT r

The identities of transformation models are neutral w. r. t. composition, i. e.
hTr ◦ idMT r = hTr = idNT r ◦ hTr for all hTr: MTr → NTr.

Pro of: As for the composition, there is nothing to show, here, since transfor-
mation homomorphismsdo not have to satisfy any additional properties.

The neutralit y is, oncemore, implied directly by the neutralit y of identities for
setsand families of sets. �

For the intepretation of the data state and transformation set modelsasgrpahs,
we get a graph homomorphism induced by a data state homomorphismand the
corresponding transformation homomorphism.

18
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De�nition 2.1.19 (DSTS Homomorphism)
Given a data state homomorphism hDS : MDS → NDS , a transformation model
homomorphism hTr: MTr → NTr and the two corresponding DSTSs MDSTS

and NDSTS , the graph homomorphismhDSTS : MDSTS → NDSTS is induced by
hDS and hTr.

hDSTS : MDSTS → NDSTS

with hDSTS(A) = hDS(A)
hDSTS(TA,B) = {ht(tA,B(a, b)) | tA,B(a, b) ∈ TA,B }

Example: We enhancethe exampleby a transformation signature with trans-
formation symbols inc and set, where inc gets an input and an output param-
eter, which are supposedto be assignedto the original resp. the incremented
value of the counter, and set just gets an output parameter, which is supposed
to be assignedto the newly set value.

trafos: inc(n: nat; m: nat)
set(; m: nat)

In NATTr the transformation incNAT increments the counter and the transfor-
mation setNAT sets it to the speci�ed value.

incNAT = { incAi ,Aj (a, b) | i, j ∈
�

, j = i + 1,
a: {n} → Ai, a(n) = i,
b: {m} → Aj , b(m) = j }

setNAT = { setAi ,Aj (∅, b) | i, j ∈
�

,
b: {m} → Aj , b(m) = j }

In MODTr the transformation incMOD becomescircular, while the transfor-
mation setMOD can switch betweenall pairs of data states.

incMOD = { incA0
i ,A

0
j
(a, b) | i, j ∈ {0, 1, 2}, (i = 0∧ j = 1)∨

(i = 1∧ j = 2) ∨ (i = 2∧ j = 0),
a: {n} → A′

i, a(n) = i,
b: {m} → A′

j , b(m) = j }
setMOD = { setA0

i ,A
0
j
(∅, b) | i, j ∈ {0, 1, 2},

b: {m} → A′
j , b(m) = j }

Again weget a homomorphismmodTr, which assignsto a transformation step in
NATTr the corresponding transformation step modulo 3 in MODTr. It consists
of two functions modinc and modset for the transformation symbols.

modinc(incAi ,Aj (a, b)) = incA0
i mo d 3 ,A0

j mo d 3
(a′, b′)

modset(setAi ,Aj (∅, b) = setA0
i mo d 3 ,A0

j mo d 3
(∅, b′)
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{n}
a //

a0

$$

(=)

Ai

modA i

��

_

modD S

��

incA i ;A j (a,b)
+3

_

modinc

��

Aj

modA j

��

_

modD S

��

{m}
boo

b0

zz

(=)

A′
i mod 3

incA 0
i mo d 3 ;A 0

j mo d 3
(a0,b0)

+3A′
j mod 3

2.1.4 Process Layer

On the processlayer the reactive behaviour of the system is modelled in terms
of processes.

De�nition 2.1.20 (Pro cess Signature)
Given a data state signature � DS , a process signature is a triple (� Pr, in, out)
with a set of process symbols p and families in(t) and out(t) of input and output

parameter variables, typed by sorts of � DS .

� Pr ∈ Set
in: � Pr → SetΣD T ;S

out: � Pr → SetΣD T ;S

Similar to transformation signatures,we will write processsignaturesasfollows:

procs: p(x1: s1, . . . ; x′
1: s′1, . . .) (p ∈ � Pr, x1 ∈ in(p)s1 , x

′
1 ∈ out(p)s0

1
)

Processesin the model contain scenarios,calledreactivestate transition systems,
which are graphs with initial and �nal states.

De�nition 2.1.21 (Reactiv e State Transition System)
Given a processsymbol p, a reactive state transition system (short RSTS) Mp

is a graph GMp with initial nodesIMp and �nal nodesFMp .

Mp =
�
GMp , IMp , FMp

�

with GMp =
�
NMp , EMp , src, trg

�
∈ Graph

IMp ⊆ NMp FMp ⊆ NMp

Similar to transformations processesare de�ned as subclassesof the class of
all processexpressions. A processexpressioncaptures the external view of a
processoccuring in the system, i. e. the initial and the �nal data state, between
which the processoccurs, together with possibleparameters.

De�nition 2.1.22 (Pro cess)
Givena data state model MDS and a processsymbol p, a process pM is a subclass
of the classPrExpr(MDS , p) of all possibleprocess expressions pA,B(a, b), where
A is a data state that is transformed into B with parameter assignments a and
b.

pM ⊆ PrExpr(MDS , p)
where PrExpr(MDS , p) = { pA,B(a, b) |A, B ∈MDS ,

A ∈MDS, a: in(p) → A,
B ∈MDS , b: out(p) → B }
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Now, in the processmodel there are RSTSsand processesrelated by a function
assigning to each processexpressiona set of occurencesof the RSTS in the
DSTS, such that a path from an initial to a �nal reactive state is mapped to
a path from the initial to the �nal data state. This set is not allowed to be
empty. Hence,for every processexpressionin the process,there is at least one
occurrence.

De�nition 2.1.23 (Pro cess Mo del)
Given a data state transition system MDSTS and a processsignature (� Pr, in,
out), a process model MPr contains a RSTS Mp, a processpM and a function
OccMp for each processsymbol p. OccMp assignsto each processexpressiona
set of occurences of GMp in MDSTS .

MPr =
�
Mp, pM , OccMp

�
p∈ΣP r

with OccMp : pM → P(Mor(GMp , MDSTS))
OccMp (pA,B(a, b)) ⊆ { occ: GMp →MDSTS |

∃i ∈ IMp ∃f ∈ FMp :

occ(i) = A, occ(f ) = B, i
E�

M p
−→ f }

OccMp (pA,B(a, b)) 6= ∅

Homomorphisms between processesconsist of graph homomorphismsbetween
the RSTSsand functions betweenthe processes,similar to transformation model
homomorphisms. The graph homomorphismshave to preserve initial and �nal
states. Moreover, they have to be compatible with the occurrencesand the
DSTS homomorphisms.

Reactive states can (but do not have to) be identi�ed, if the corresponding
data states are identi�ed for all occurrences.Processexpressionsare similar to
transformation stepsidenti�ed, if and only if they only di�er in valuesidenti�ed
by hDT . The target processcan have additional reactive, initial and �nal states,
processexpressionsand occurences.

De�nition 2.1.24 (Pro cess Mo del Homomorphism)
Given a data state homomorphismhDS : MDS → NDS , the corresponding DSTS
homomorphism hDSTS : MDSTS → NDSTS and two processmodels MPr and
NPr w. r. t. MDSTS and NDSTS , a process model homomorphism hPr: MPr →
NPr consistsof a family of RSTS homomorphisms hGp : MGp → NGp and a fam-
ily of process expression mappings hp: pM → pN . The RSTS homomorphisms
have to preserve initial and �nal states. Moreover, for every occurenceocc of
a processexpressionin M there has to be an occurrenceocc′ of the translated
processexpressionin N , which is compatible with hDSTS and hGp (see Fig.
2.3).

hPr: MPr → NPr =
�
hGp : GMp → GNp , hp: pM → pN

�
p∈ΣP r

with i ∈ IMp =⇒ hGp (i) ∈ INp

f ∈ FMp =⇒ hGp (f ) ∈ FNp

hp(pA,B(a, b)) = phD S (A),hD S (B)(hA ◦ a, hB ◦ b)
∃occ ∈ OccMp (pA,B(a, b))

=⇒ ∃occ′ ∈ OccNp (hp(pA,B(a, b))):
occ′ ◦ hGp = hDSTS ◦ occ
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GMp

hG p //

∃occ∈OccM p (pA;B (a,b))

��

GNp

∃occ0∈OccN p (hp (pA;B (a,b)))

��

+3

MDSTS
hD S T S

//NDSTS

Figure 2.3: Processhomomorphisms

We can now de�ne composition of processmodel homomorphismsand process
model identities by component-wise composition resp. identities for graphs and
processexpressionclasses.

De�nition and Fact 2.1.25 (Pro cess Homomorphism Comp osition)
Given two processmodel homomorphismsgPr: LPr → MPr and hPr: MPr →
NPr, the composition hPr ◦ gPr: LPr → NPr is a processmodel homomorphism
de�ned by component-wise composition of the graph homomorphismsand pro-
cessexpressionmappings.

hPr ◦ gPr =
�

(h ◦ g)Gp
, (h ◦ g)p

�

p∈ΣP r

=
�
hGp ◦ gGp , hp ◦ gp

�
p∈ΣP r

The composition of processmodel homomorphisms is associative, i. e. (hPr ◦
gPr) ◦ fPr = hPr ◦ (gPr ◦ fPr) for all fPr: KPr → LPr, gPr: LPr → MPr and
hPr: MPr → NPr.

Pro of: Once more, we have to show the homomorphism properties and the
associativit y.

Homomorphism Prop erties: The homomorphism properties of the compo-
sition consist of hGp ◦ gGp being a graph homomorphism, that preserves
initial and �nal states,hp ◦gp being a processexpressionmapping and the
existenceof compatible occurrences.

• hGp ◦ gGp is a graph homomorphism, becausegraph homomorphisms
are closedunder composition.

• hGp ◦ gGp preserves initial and �nal states, becausehGp and gGp

preserve initial and �nal states:

i ∈ ILp resp. f ∈ FLp

=⇒ (gPr processmodel homomorphism, Def. 2.1.24)
gGp (i) ∈ IMp resp. gGp (f ) ∈ FMp

=⇒ (hPr processmodel homomorphism, Def. 2.1.24)
hGp ◦ gGp (i) ∈ IMp resp. hGp ◦ gGp (f ) ∈ FMp

• hp◦gp is a processexpressionmapping analogouslyto the composition
of transformation expressionmappings.
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• The existenceof compatible occurencesis achieved by transitivit y of
the implication (seeFig. 2.4):

∃occ ∈ OccLp (pA,B(a, b))
=⇒ (gPr processmodel homomorphism, Def. 2.1.24)

∃occ′ ∈ OccMp (gp(pA,B(a, b))):
occ′ ◦ gGp = gDSTS ◦ occ

=⇒ (hPr processmodel homomorphism, Def. 2.1.24)
∃occ′ ∈ OccMp (gp(pA,B(a, b)))
∃occ′′ ∈ OccNp (hp ◦ gp(pA,B(a, b))):

occ′ ◦ gGp = gDSTS ◦ occ (1)
∧ occ′′ ◦ hGp = hDSTS ◦ occ′ (2)

=⇒ ∃occ′ ∈ OccMp (gp(pA,B(a, b)))
∃occ′′ ∈ OccNp (hp ◦ gp(pA,B(a, b))):

occ′′ ◦ hGp ◦ gGp

(2)
= hDSTS ◦ occ′ ◦ gGp

(1)
= hDSTS ◦ gDSTS ◦ occ

=⇒ ∃occ′′ ∈ OccNp (hp ◦ gp(pA,B(a, b))):
occ′′ ◦ hGp ◦ gGp = hDSTS ◦ gDSTS ◦ occ

Asso ciativit y: The associativit y follows from the associativit y of composition
for graph homomorphisms,functions and families of them.

Hencethe composition leadsto proper processhomomorphismsand is associa-
tiv e. �

GLp

gG p //

occ

��
(1)

GMp

hG p //

occ0

��
(2)

GNp

occ00

��
LDSTS gD S T S

//MDSTS
hD S T S

//NDSTS

Figure 2.4: Compoitionalit y of occurenceexistence

De�nition and Fact 2.1.26 (Pro cess Iden tities)
Given a processmodel MPr, the identity homomorphism idMP r : MPr → MPr

is a processhomomorphism de�ned by identities on all graphs and processes.

idMP r =
�
idGp , idp

�
p∈ΣP r

=
�
idGM p

, idpM

�

p∈ΣP r

The identities of processmodels are neutral w. r. t. composition, i. e. h ◦ idM =
h = idN ◦ h for all h: M → N .

Pro of: The homomorphism properties of the identit y are again obvious: Iden-
tit y is a graph homomorphism,compatibilit y for processexpressionsis achieved
as for transformation symbols, initial and �nal states,aswell asoccurrencesare
identical.

Neutralit y of identities follows from the neutralit y of graph and classidentities
and families of them. �
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Example: For the exampleof natural numberswe intro ducea processsymbol
cnt with an input and an output parameter.

procs: cnt(n: nat; m: nat)

This processshall be interpreted as counting up three times in NATPr. Hence,
the processcntNAT consists of processexpressions,where the secondalgebra
has a counter, which is the counter of the �rst one plus 3, and the parameters
are assignedto the valuesof the counters.

cntNAT = { cntAi ,Aj (a, b) | i, j ∈
�

, j = i + 3,
a: {n} → Ai, a(n) = i,
b: {m} → Aj , b(m) = j }

The RSTS NATcnt is given by the graph GNATcnt in Fig. 2.5 with the initial
state state0 and the �nal state state3. In our model we choose to have ex-
actly one occurrencefor each expressionin the process,namely the occurrence
depicted in Fig. 2.5.

GNATcnt

occ∈OccN AT cnt (cntA i ;A i +3 (...))
//NATDSTS

state0
� //

step1

��

Ai

{incA i ;A i +1 (...)}

��

� //

state1
� //

step2

��

Ai+1

{incA i +1 ;A i +2 (...)}

��

� //

state2
� //

step3

��

Ai+2

{incA i +2 ;A i +3 (...)}

��

� //

state3
� //Ai+3

Figure 2.5: ProcesscntNAT

In MODPr we also interpret the processas counting up three times, but, since
our model is constructed modulo 3, this processcontains a circle in the data
state transformations. We chooseto re
ect this circle in the RSTS, leading to
the graph GMODcnt in Fig. 2.6. Now, the initial and �nal state are both state0.
In the processcntMOD we have three processexpressions.

cntMOD = { cntA0
i ,A

0
i
(a, b) | i ∈ {0, 1, 2},

a: {n} → A′
i, a(n) = i,

b: {m} → A′
i, b(m) = i }

We take just the oneoccurrencedepicted in Fig. 2.6 for each processexpression.

Between these processesthere is a processhomomorphism consisting of the
graph homomorphism modGcnt in Fig. 2.7 and the processexpressionmapping
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GMODcnt

occ∈OccM O D cnt (cntA 0
i ;A 0

i
(...))

//MODDSTS

state0
� //

step1

||zz
zz

zz
zz

z
A′

i

{inc::: (...)}

yysssssssssss

state1
� 55step2

//state2 � 44

step3

bbDDDDDDDDD
A′

(i+1) mod 3
{inc::: (...)}

//A′
(i+2) mod 3

{inc::: (...)}

eeKKKKKKKKKKK

Figure 2.6: ProcesscntMOD

modcnt. It identi�es state0 and state3 of GNATcnt to becomestate0 in GMODcnt .
The compatibilit y with modDS is achieved, becauseAi and Ai+3 are identi�ed
to becomeA′

i mod 3 by modDS .

GNATcnt

modG cnt //GMODcnt

state0
!

��

step1

��
state1

� //

step2

��

state1

step2

��

state0

step1

ffLLLLLLLLLL

state2
� //

step2

��

state2

step2

99rrrrrrrrrr

state3 �

II

Figure 2.7: Processhomomorphism modcnt

2.1.5 Integration

We now combine the notions of the di�eren t layers into integrated de�nitions.

Integrated signaturescombine the syntactical sidesof the layers.

De�nition 2.1.27 (In tegrated Signature)
An integrated signature � consistsof

• a data type signature � DT as in Def. 2.1.1,

• a data state signature � DS w. r. t. � DT as in Def. 2.1.6,
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• a transformation signature (� Tr, in, out) w. r. t. � DS as in Def. 2.1.11
and

• a processsignature (� Pr, in, out) w. r. t. � DS as in Def. 2.1.20.

Integrated modelscombine the semantical sides,wherewe take only thoseparts
not induced by other ones,which is why we did not include MTS and MDSTS ,
which can be derived from MTr and MDS .

De�nition 2.1.28 (In tegrated Mo del)
An integrated model M of an integrated signature � consistsof

• a data type model MDT as in Def. 2.1.2,

• a data state model MDS w. r. t. MDT as in Def. 2.1.7,

• a transformation model MTr w. r. t. MDS as in Def. 2.1.13and

• a processmodel MPr w. r. t. MDS and MTr as in Def. 2.1.23.

Integrated model homomorphisms,asrepresentations of the structural relations
betweenmodels,combine the homomorphismnotions. We include hDS and hTr,
although they are uniquely determined by hDT , becausetheir existenceis not
guaranteed, but is neededfor an integrated model homomorphism. The DSTS
homomorphism hDSTS is not included, becauseit is induced by hDS and hTr.

De�nition 2.1.29 (In tegrated Mo del Homomorphism)
An integrated model homomorphism h: M → N for an integrated signature �
and integrated models M and N of � consistsof

• a data type model homomorphism hDT as in Def. 2.1.3,

• a data state model homomorphism hDS w. r. t. hDT as in Def. 2.1.8,

• a transformation model homomorphismhTr w. r. t. hDS as in Def. 2.1.16
and

• a processmodel homomorphismhPr w. r. t. hDS and hTr asin Def. 2.1.24.

In order to get a model category we also combine the de�nitions of associative
compositions and neutral identities to becomeintegrated notions. The needed
facts are obviously implied by the corresponding facts on the layers.

De�nition and Fact 2.1.30 (In tegrated Homomorphism Comp osition)
Given two integrated model homomorphismsg: L → M and h: M → N for an
integrated signature �, the composition h ◦ g: L → N is an integrated model
homomorphism de�ned by

• (h ◦ g)DT = hDT ◦ gDT as in Def. 2.1.4,

• (h ◦ g)DS = hDS ◦ gDS as in Def. 2.1.9,

• (h ◦ g)Tr = hTr ◦ gTr as in Def. 2.1.17and
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• (h ◦ g)Pr = hPr ◦ gPr as in Def. 2.1.25.

The composition of integrated model homomorphisms is associative, i. e. (h ◦
g) ◦ f = h ◦ (g ◦ f ) for all f : K → L, g: L→M and h: M → N .

Pro of: The associativit y of composition follows from the component-wise as-
sociativit y of the di�eren t layers. �

De�nition and Fact 2.1.31 (In tegrated Iden tities)
Given an integrated model M for an integrated signature �, the identity homo-

morphism idM : M →M is an integrated model homomorphism de�ned by

• (idM )DT = idMD T as in Def. 2.1.5,

• (idM )DS = idMD S as in Def. 2.1.10,

• (idM )Tr = idMT r as in Def. 2.1.18and

• (idM )Pr = idMP r as in Def. 2.1.26.

The identities of integrated models are neutral w. r. t. composition, i. e. h ◦
idM = h = idN ◦ h for all h: M → N .

Pro of: The neutralit y of identities follows from the compoent-wise neutralit y
on the di�eren t layers. �

The following theorem combines the facts for compositionalit y, associativit y of
compositions and neutralit y of identities into the notion of category, and is
therefore a main result of this section.

Theorem 2.1.32 (In tegrated Mo del Category)
The integrated models for an integrated signature � with integrated model ho-
momorphisms,composition and identities form a category, denotedby Mod(�).

Pro of: There are two category axioms that needto hold:

Existence and Asso ciativit y of Comp osition: SeeDef. and Fact 2.1.30

Existence and Neutralit y of Iden tities: SeeDef. and Fact 2.1.31

�

2.2 Signature Morphisms and Restriction Con-
struction

Signature morphisms capture the structural relation between di�eren t signa-
tures. They expresshow the elements of \smaller" signatures can be found in
\larger" ones.

This is interpreted by a restriction construction on models in the opposite direc-
tion that forgets the parts which are only contained in the secondsignature. In
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the general casedi�eren t elements of the �rst signature can be assignedto the
sameelement of the secondone, leading to a duplication of the corresponding
model parts in the restriction.

The restriction can also be applied to homomorphisms,where it is compatible
with composition and identities leading to a functor.

As in the previous section, we �rst look at the layers in detail in Subsections
2.2.1through 2.2.4and then combime them into integrated notions in Subsection
2.2.5.

2.2.1 Data Type Layer

On the data type layer wehavean algebraicsignaturemorphism on the syntacti-
cal side. It mapssort and operation symbols, possibly identifying somesymbols,
where the maps have to be compatible with the domains and codomains.

De�nition 2.2.1 (Data T yp e Signature Morphism)
Given two data type signatures� DT and � ′

DT , a data type signature morphism

is an algebraic signature morphism fDT : � DT → � ′
DT , which contains a map-

ping fDT,S : � DT,S → � ′
DT,S of sorts and a mapping fDT,Op: � DT,Op → � ′

DT,Op

of operation symbols, such that the imagesof domain and codomain for each
operation symbol op are the domain and codomain of the image of op (seeFig.
2.8(a) and Fig. 2.8(b)).

fDT : � DT → � ′
DT = (fDT,S , fDT,Op)

with fDT,S : � DT,S → � ′
DT,S

fDT,Op: � DT,Op → � ′
DT,Op

dom ◦ fDT,Op = (fDT,S)∗ ◦ dom
cod ◦ fDT,Op = (fDT,S)∗ ◦ cod

� DT,Op

fD T ;O p //

dom

��
(=)

� ′
DT,Op

dom

��
(� DT,S)∗

(fD T ;S )�
//(� ′

DT,S)∗

(a) Operation domains

� DT,Op

fD T ;O p //

cod

��
(=)

� ′
DT,Op

cod

��
� DT,S ∪ {λ}

(fD T ;S )�
//� ′

DT,S ∪ {λ}

(b) Operation codomains

Figure 2.8: Data type signature morphism

The data type restriction is the usual forgetful functor for algebras (see e.g.
[EM85]) constructing a model of � DT from a model of � ′

DT by forgetting sorts
and operations not in the codomain of fDT , and duplicating and renaming the
other ones according to fDT . The restriction to a subsignature used in the
de�nition of data state models (Def. 2.1.7) is a special caseof this restriction.
Since inclusions are injective and map symbols identically , nothing is renamed
or duplicated here, only the additional parts are forgotten.
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De�nition and Fact 2.2.2 (Data T yp e Mo del Restriction)
Given a data type signature morphism fDT : � DT → � ′

DT and a � ′
DT -model

M ′
DT , the restriction of M ′

DT is a � DT -model VfD T (M ′
DT ) = MDT , where each

carrier set Ms resp. operation opM is given by the carrier set M ′
fD T ;S (s) resp.

operation fDT,Op(op)M0 for the image of the corresponding symbol in � ′
DT .

VfD T (M ′
DT ) = MDT

with Ms = M ′
fD T ;S (s)

opM = fDT,Op(op)M0

Pro of: We needto show that MDT is a proper � DT -model, i. e. that the func-
tionalities of the operations are correct. SinceopM is de�ned as fDT,Op(op)M0,
its functionalit y is opM : M ′

dom(fD T ;O p (op)) → M ′
cod(fD T ;O p (op)). By domain and

codomain compatibilit y of signature morphismsand the de�nition of restriction
for sorts we get the correct functionalit y opM : Mdom(op) →Mcod(op):

M ′
dom(fD T ;O p (op)) → M ′

cod(fD T ;O p (op))

= (compatibilit y for signature morphism, Def. 2.2.1)
M ′

(fD T ;S )� (dom(op)) → M ′
(fD T ;S )� (cod(op))

= (restriction of sorts, Def. 2.2.2)
Mdom(op) → Mcod(op)

�

We can also apply the restriction construction to homomorphisms, where we
get a restricted homomorphism betweenthe restricted data types. In this case
the restriction is compatible with composition and identities.

De�nition and Fact 2.2.3 (Data T yp e Homomorphism Restriction)
Given a data type signature morphism fDT : � DT → � ′

DT and a � ′
DT -homo-

morphism h′
DT : M ′

DT → N ′
DT , the restriction of h′

DT is a � DT -homomorphism
VfD T (h′

DT ) = hDT : MDT → NDT betweenthe forgetful functor imagesMDT =
VfD T (M ′

DT ) and NDT = VfD T (N ′
DT ), where the function hs: Ms → Ns for each

sort symbol s ∈ � DT,S is given by the function for the image sort symbol.

VfD T (h′
DT : M ′

DT → N ′
DT ) = hDT : MDT → NDT

with MDT = VfD T (M ′
DT ), NDT = VfD T (N ′

DT )
hs: Ms → Ns = h′

fD T ;S (s): M
′
fD T ;S (s) → N ′

fD T ;S (s)

The restriction is compatible with composition and identities:

VfD T (h′
DT ◦ g′DT ) = VfD T (h′

DT ) ◦ VfD T (g′DT )
and VfD T (idM0

D T
) = idVf D T (M0

D T )

Pro of: We needto show the homomorphism properties of the restricted homo-
morphism and the compatibilit y with composition and identities.

Homomorphism Prop erties: The homomorphism properties, i. e. preserva-
tion of de�nednessand compatibilit y with operation applications, of hDT

must be implied by those of h′
DT .
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• The preservation of de�nedness is obtained from the corresponding
property of h′

DT :

hdom(op)(Dom(opM ))
= (restr. of oper. and hom., Def. 2.2.2 and 2.2.3)

h′
(fD T ;S )� (dom(op))(Dom(fDT,Op(op)M0))

= (compatibilit y for signature morphism, Def. 2.2.1)
h′

dom(fD T ;O p (op))(Dom(fDT,Op(op)M0))
⊆ (h′

DT data type homomorphism, Def. 2.1.3)
Dom(fDT,Op(op)N0)

= (restriction of operations, Def. 2.2.2)
Dom(opN )

• The compatibilit y of operation applications is also implied by the
corresponding compatibilit y for h′

DT :

opN ◦ hdom(op)

= (restr. of oper. and hom., Def. 2.2.2 and 2.2.3)
fDT,Op(op)N0 ◦ h′

(fD T ;S )� (dom(op))

= (compatibilit y for signature morphism, Def. 2.2.1)
fDT,Op(op)N0 ◦ h′

dom(fD T ;O p (op))

' (h′
DT homommorphism, Def. 2.1.3)

h′
cod(fD T ;O p (op)) ◦ fDT,Op(op)M0

= (compatibilit y for signature morphism, Def. 2.2.1)
h′

(fD T ;S )� (cod(op)) ◦ fDT,Op(op)M0

= (restr. of oper. and hom., Def. 2.2.2 and 2.2.3)
hcod(op) ◦ opM

Compatibilit y with Comp osition: We can reducethis property to the com-
position for families of functions, which is well-known to be compatible
with the component-wise composition of the included functions:

VfD T (h′
DT ◦ g′DT )

= (restriction of homomorphisms,Def. 2.2.3)
((h′ ◦ g′)fD T ;S (s))s∈ΣD T ;S

= (composition of homomorphisms,Def. 2.1.4)
(h′

fD T ;S (s) ◦ g′
fD T ;S (s))s∈ΣD T ;S

= (composition of families of functions)
(h′

fD T ;S (s))s∈ΣD T ;S ◦ (g′fD T ;S (s))s∈ΣD T ;S

= (restriction of homomorphisms,Def. 2.2.3)
VfD T (h′

DT ) ◦ VfD T (g′DT )

Compatibilit y with Iden tities: This property is even easier to show, since
it just needsthe application of the corresponding de�nitions:

VfD T (idM0
D T

)
= (restriction of homomorphisms,Def. 2.2.3)

(idM0
f D T ;S ( s )

)s∈ΣD T ;S

= (restriction of sorts, Def. 2.2.2)
(idVf D T (M0

D T )s )s∈ΣD T ;S

= (data type identit y, Def. 2.1.5)
idVf D T (M0

D T )
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Hence the restriction of data type homomorphisms leads to proper data type
homomorphismsand is compatible with composition and identities. �

2.2.2 Data State Layer

On the data state layer we have a secondalgebraic signature morphism which
is compatible with the one on the data type layer. We additionally require the
morphism to map dynamic elements of � DS to dynamic elements of � ′

DT .

De�nition 2.2.4 (Data State Signature Morphism)
Given a data type signature morphism fDT : � DT → � ′

DT and two data state
signatures � DS and � ′

DS , a data state signature morphism is an alebraic sig-
nature morphism fDS : � DS → � ′

DS , which is an extension of fDT (see Fig.
2.9) and maps dynamic sorts s ∈ � DS,S \ � DT,S to dynamic sorts fDS,S(s) ∈
� ′

DS,S \ � ′
DT,S and dynamic operations op ∈ � DS,Op \ � DT,Op to dynamic op-

erations fDS,S(op) ∈ � ′
DS,Op \ � ′

DT,Op.

fDS : � DS → � ′
DS

with fDT ⊆ fDS

fDS,S(� DS,S \ � DT,S) ⊆ � ′
DS,S \ � ′

DT,S

fDS,S(� DS,Op \ � DT,Op) ⊆ � ′
DS,Op \ � ′

DT,Op

� DT

fD T //
� _

��
(=)

� ′
DT� _

��
� DS

fD S

//� ′
DS

Figure 2.9: Data state signature morphism

The restriction of a data state model is achievedby applying the forgetful functor
to all data states in the model. This construction identi�es data states, whose
di�erences are forgotten by the functor, becausethey only di�ered in elements
of sorts or applications of operations, that have no correspondencein � DS .

De�nition and Fact 2.2.5 (Data State Mo del Restriction)
Given a data state signature morphism fDS : � DS → � ′

DS and a � ′
DS-model

M ′
DS , the restriction of M ′

DS is a � DS-model RestrfD S (M ′
DS) = MDS consisting

of all forgetful functor imagesfor the data states in M ′
DS .

RestrfD S (M ′
DS) = MDS

with MDS = {VfD S (A′) |A′ ∈M ′
DS }

Pro of: We have to show, that MDS is a � DS-model w. r. t. the data type
VfD T (M ′

DT ) = MDT , i. e. that the restriction to the data type signature is
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MDT for all data states A ∈MDS :

A|ΣD T

= (data state restriction, Def. 2.2.5)
VfD S (A′)|ΣD T for someA′ ∈M ′

DS

= (compatibilit y for signature morphisms, Def. 2.2.4)
VfD T (A′|Σ0

D T
)

= (M ′
DS data state model, Def. 2.1.7)

VfD T (M ′
DT ) = MDT

�

In the restriction of data state homomorphismswe needthe very strong require-
ments, we assumedfor them in Section 2.1, becausewe have to ensurethat for
two data statesof M ′

DS , which are identi�ed by the restriction, alsotheir images
under the homomorphism are identi�ed.

De�nition and Fact 2.2.6 (Data State Homomorphism Restriction)
Given a data state signature morphism fDS : � DS → � ′

DS and a � ′
DS-homomor-

phism h′
DS : M ′

DS → N ′
DS , the restriction of h′

DS is a � DS-homomorphism
RestrfD S (h′

DS) = hDS : MDS → NDS between MDS = RestrfD S (M ′
DS) and

NDS = RestrfD S (N ′
DS) assigningto the forgetful functor image VfD S (A′) of a

data state A′ the forgetful functor image of h′
DS(A′).

RestrfD S (h′
DS : M ′

DS → N ′
DS) = hDS : MDS → NDS

with MDS = RestrfD S (M ′
DS), NDS = RestrfD S (N ′

DS)
hDS(VfD S (A′)) = VfD S (h′

DS(A′))

The restriction is compatible with composition and identities:

RestrfD S (h′
DS ◦ g′DS) = RestrfD S (h′

DS) ◦RestrfD S (g′DS)
and RestrfD S (idM0

D S
) = idRestrf D S (M0

D S )

Pro of: We have to show the well-de�nednessof the restriction, the homomor-
phism properties and that compositions and identities are preserved.

W ell-De�nedness: Since the restriction is de�ned by referring to not neces-
sarily unique data states of M ′

DS, whoseforgetful functor image the data
state of MDS is, weneedto show, that in casesdata statesare identi�ed by
the restriction, their imagesunder the homomorphism are also identi�ed:

VfD S (A′) = VfD S (B′) =⇒ VfD S (h′
DS(A′)) = VfD S (h′

DS(B′))

• First we show this for the sorts, wherewe needthe requirement, that
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the dynamic sorts are identical in statesrelated by a homomorphism.

∀s ∈ � DS,S \ � DT,S :
VfD S (h′

DS(A′))s

= (restriction of sorts, Def. 2.2.2)
h′

DS(A′)fD S ;S (s)

= (h′
DS data state model homomorphism, 2.1.8)

A′
fD S ;S (s) = VfD S (A′)s

= (assumption VfD S (A′) = VfD S (B′))
VfD S (B′)s = B′

fD S ;S (s)

= (h′
DS data state model homomorphism, 2.1.8)

h′
DS(B′)fD S ;S (s)

= (restriction of sorts, Def. 2.2.2)
VfD S (h′

DS(B′))s

• Now, for the operations, we �rst show the equality of op′
h0

D S (A) ◦

h′
A0,dom(op) and op′

h0
D S (B) ◦ h′

B0,dom(op), for which we needthe homo-
morphism properties (seeFig. 2.10).

∀op ∈ � DS,Op \ � DT,Op, fDS,Op(op) = op′:
opVf D S (h0

D S (A0)) ◦ hVf D S (A0),dom(op)

= (restriction of operations, Def. 2.2.2)
op′h0

D S (A0) ◦ h′
A0,dom(op0)

= (h′
A0 partial algebra homomorphism, Def. 2.1.3)

h′
A0,cod(op0) ◦ op′A0 = hVf D S (A0),cod(op) ◦ opVf D S (A0)

= (assumption VfD S (A′) = VfD S (B′))
hVf D S (B0),cod(op) ◦ opVf D S (B0) = h′

B0,cod(op0) ◦ op′B0

= (h′
B0 partial algebra homomorphism, Def. 2.1.3)

op′h0
D S (B0) ◦ h′

B0,dom(op0)

= (restriction of operations, Def. 2.2.2)
opVf D S (h0

D S (B0)) ◦ hVf D S (B0),dom(op)

Dom(op′
h0

D S (A0))

op0
h 0

D S ( A 0)

��
(=)

uu

=

))
Dom(op′A0) = Dom(op′B0)

op0
A 0=op0

B 0

��
(=)

h0
B 0;dom ( op 0)//

h0
A 0;dom ( op 0)oo Dom(op′

h0
D S (B0))

op0
h 0

D S ( B 0)

��
h′

DS(A′)cod(op)ii

=

55
A′

cod(op) = B′
cod(op)

h0
B 0;cod ( op 0)

//
h0

A 0;cod ( op 0)

oo h′
DS(B′)cod(op)

Figure 2.10: Restriction of data state homomorphism h′
DS

The state homomorphism h′
A0,dom(op0) = hB0,dom(op0) is surjective on

the operation domain Dom(op′h0
D S (A0)) = Dom(op′h0

D S (B0)), because
state homomorphismspreserve domains. Hence,the neededequality
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follows immeditately:

opVf D S (h0
D S (A0)) ◦ h′

A0,dom(op0) =
opVf D S (h0

D S (B0)) ◦ h′
B0,dom(op0)

=⇒ (h′
A0,dom(op0) = h′

B0,dom(op0) surjective)
opVf D S (h0

D S (A0)) = opVf D S (h0
D S (B0))

Homomorphism Prop erties: The properties, we needto show, are the iden-
tit y of dynamic sorts, the hA being partial algebra homomorphismsand
the identit y of dynamic operation domains. Since MDS consistsonly of
forgetful functor imagesof M ′

DS , we can always assumethe data states
A ∈MDS to be A = VfD S (A′) for someA′ ∈M ′

DS.

• First weshow, that the identit y of dynamic sorts in hDS(A) is implied
by the identit y of dynamic sorts for h′

DS(A′). Here we need the
requirement, that fDS maps dynamic sorts to dynamic sorts.

∀s ∈ � DS,S \ � DT,S , fDS,S(s) = s′:
hDS(VfD S (A′))s

= (restriction of data state homomorphism, Def. 2.2.6)
VfD S (h′

DS(A′))s

= (partial algebra restriction, Def. 2.2.2)
h′

DS(A′)s0

= (s′ ∈ � ′
DS,S \ � ′

DT,S , Def. 2.2.4 and 2.1.8)
A′

s0

= (partial algebra restriction, Def. 2.2.2)
VfD S (A′)s

• The partial algebra homomorphism hA: A → hDS(A) can be con-
structed as the restriction VfD S (h′

A0: A′ → h′
DS(A′)) according to

De�nition 2.2.3.

• For the preservation of operation domains we needthe compatibilit y
of fDS with dynamic operations and the preservation of operation
domains for h′

DS(A′).

∀op ∈ � DS,Op \ � DT,Op, fDS,Op(op) = op′:
hVf D S (A0),dom(op)(Dom(opVf D S (A0)))

= (restriction of data state homomorph., Def. 2.2.6)
VfD S (h′

A0)dom(op)(Dom(opVf D S (A0)))
= (restriction of oper. and hom., Def. 2.2.2 and 2.2.3)

h′
A0,dom(op0)(Dom(op′A0))

= (op′ ∈ � ′
DS,Op \ � ′

DT,Op, Def. 2.2.4 and 2.1.8)
Dom(op′

h0
D S (A0))

= (restriction of operations, Def. 2.2.2)
Dom(opVf D S (h0

D S (A0)))
= (restriction of data state homomorph., Def. 2.2.6)

Dom(ophD S (Vf D S (A0)))

Compatibilit y with Comp osition: Without lossof generality we also show
the compatibilit y of restriction with composition only for statesVfD S (A′),
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since for all data states in MDS there exists such an A′ in M ′
DS :

RestrfD S (h′
DS ◦ g′DS)(VfD S (A′))

= (restriction of data state model hom., Def. 2.2.6)
VfD S (h′

DS ◦ g′DS(A′))
= (composition of data state model hom., 2.1.9)

VfD S (h′
DS(g′DS(A′)))

= (restriction of data state model hom., Def. 2.2.6)
RestrfD S (h′

DS)(VfD S (g′DS(A′)))
= (restriction of data state model hom., Def. 2.2.6)

RestrfD S (h′
DS) ◦RestrfD S (g′DS)(VfD S (A′))

Compatibilit y with Iden tities: Again weshow this for data statesVfD S (A′):

RestrfD S (idM0
D S

)(VfD S (A′))
= (restriction of data state model hom., Def. 2.2.6)

VfD S (idM0
D S

(A′))
= (identit y of data state models, 2.1.10)

VfD S (A′)
= (identit y of data state models, 2.1.10)

idRestrf D S (M0
D S )(VfD S (A′))

Hencethe restriction of data state homomorphismsis well-de�ned, satis�es the
homomorphism properties and preservescomposition and identities. �

2.2.3 Transformation Layer

For transformation and processsymbols, we havenot only domain sorts, but pa-
rameter variables. This leadsto parameter mappings,which give the possibility
to have additional parametersand parameter identi�cations in a transformation
signature morphism.

De�nition 2.2.7 (T ransformation Signature Morphism)
Given a data state signature morphism fDS : � DS → � ′

DS and two correspond-
ing transformation signatures(� Tr, in, out) and (� ′

Tr, in, out), a transformation

signature morphism fTr: (� Tr , in, out) → (� ′
Tr, in, out) is a triple (fTr, fin, fout)

with a function fTr: � Tr → � ′
Tr, which assignsto each transformation symbol

t ∈ � Tr a transformation symbol fTr(t) ∈ � ′
Tr, and two families fin and fout

of function families fin(t): in(t) → in(fTr(t)) and fout(t): out(t) → out(fTr(t))
assigningparameters of fTr(t) with matching type to the parameters of each
transformation symbol t ∈ � Tr.

fTr: (� Tr, in, out) → (� ′
Tr, in, out) = (fTr, fin, fout)

with fTr: � Tr → � ′
Tr

(fin(t): in(t) → in(fTr(t))) t∈ΣT r

fin(t) = (fin(t),s: in(t)s → in(fTr(t))fD S ;S (s))s∈ΣD S ;S

(fout(t): out(t) → out(fTr(t))) t∈ΣT r

fout(t) = (fout(t),s: out(t)s → out(fTr(t))fD S ;S (s))s∈ΣD S ;S
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For each transformation symbol t of � Tr, we obtain a restriction function, which
constructs the transformation stepsof tM for a given transformation fTr(t)M0.

De�nition and Fact 2.2.8 (T ransformation Expression Restriction)
Given a transformation signature morphism fTr: (� Tr, in, out) → (� ′

Tr, in, out),
a transformation symbol t ∈ � Tr with fTr(t) = t′ and a data state model
M ′

DS for � ′
DS , the tranformation restriction function RfT r ,t assignsto each

transformation expression for t′ and M ′
DS a transformation expression for t

and RestrfD S (M ′
DS) de�ned by the forgetful functor on the data states and

concatenation with the mappings for the parameters.

RfT r ,t: TrExpr(M ′
DS , t′) → TrExpr(RestrfD S (M ′

DS), t)
with RfT r ,t(t′A0,B0(a′, b′)) = tVf D S (A0),Vf D S (B0)(a′ ◦ fin(t), b

′ ◦ fout(t))

Pro of: The states VfD S (A′) and VfD S (B′) are contained in RestrfD S (M ′
DS) by

de�nition.

The correct functionalit y of the parameter assignments is ensuredby the sort
compatibilit y of fin(t) and fout(t) as shown in Fig. 2.11. �

in(t)s

fin ( t ) ;s //

(a0◦fin ( t ) )s &&MMMMMMMMMMM
in(t′)fD T ;S (s)

a0
f D T ;S ( s )

��
As = A′

fD T ;S (s)

(a) Input parameters

out(t)s

fout ( t ) ;s //

(b0◦fout ( t ) )s &&NNNNNNNNNNN
out(t′)fD T ;S (s)

b0
f D T ;S ( s )

��
Bs = B′

fD T ;S (s)

(b) Output parameters

Figure 2.11: Restriction of transformation parameters

Now the restriction for transformation models is obtained by restricting the
transformation expressionsin each transformation.

De�nition and Fact 2.2.9 (T ransformation Mo del Restriction)
Given a transformation signature morphism fTr: (� Tr, in, out) → (� ′

Tr, in, out)
and a � ′

Tr-model M ′
Tr, the restriction of M ′

Tr is a � Tr-model RestrfT r (M ′
Tr) =

MTr, which contains for each transformation symbol t ∈ � Tr the restrictions of
all transformation stepsof fTr(t)M0.

RestrfT r (M ′
Tr) = MTr = (tM )t∈ΣT r

with tM =
�

RfT r ,t(t′A0,B0(a′, b′)) | t′A0,B0(a′, b′) ∈ fTr(t)M0

	

Pro of: Since,transformations are only demandedto be subclassesof the corre-
sponding transformation expressionsby Def. 2.1.12,the restriction is obviously
a transformation model, sincethe restrictions of transformation stepsare trans-
formation stepsdue to De�nition and Fact 2.2.8. �

By extending this construction to transformation sets, where expressionsfor
transformation symbols, which are not in the imageof fTr are forgotten, we get
a graph homomorphism betweenthe DSTSs.
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De�nition 2.2.10 (Restriction-Induced DSTS-Homomorph.)
Given a data state signature morphism fDS : � DS → � ′

DS , a transformation
signature morphism fTr: (� Tr, in, out) → (� ′

Tr , in, out), a � ′-DSTS M ′
DSTS

and the corresponding �-DSTS MDSTS , fM0
D S T S

: M ′
DSTS →MDSTS is a graph

homomorphism between the DSTSs, given by the forgetful functor VfD S on
nodesand the extensionof the transformation restriction RfT r to setson edges.

fM0
D S T S

: M ′
DSTS →MDSTS

with fM0
D S T S

(A′) = VfD S (A′)
fM0

D S T S
(T ′

A0,B0) = { RfT r ,t(t′A0,B0(a′, b′)) |
fTr(t) = t′, t′A0,B0(a′, b′) ∈ T ′

A0,B0 }

To get the restriction of transformation homomorphisms,which is uniquely de-
termined by the underlying data state homomorphism, we just need to have
compatiblit y of the homomorphism and restriction constructions.

De�nition and Fact 2.2.11 (T ransformation Hom. Restriction)
Given a transformation signature morphism fTr: (� Tr, in, out) → (� ′

Tr, in, out)
and a � ′

Tr-homomorphism h′
Tr: M ′

Tr → N ′
Tr, the restriction of h′

Tr is a � Tr-
homomorphism RestrfT r (h′

Tr) = hTr: MTr → NTr between the restrictions
MTr = RestrfT r (M ′

Tr) and NTr = RestrfT r (N ′
Tr) assigningto the restrictions

of transformation steps in M ′
Tr the restrictions of the imagesunder h′

Tr.

RestrfT r (h′
Tr: M ′

Tr → N ′
Tr) = hTr: MTr → NTr

with ht(RfT r ,t(t′A0,B0(a′, b′)) = RfT r ,t(h′
t0(t′A0,B0(a′, b′))

The restriction is compatible with composition and identities:

RestrfT r (h′
Tr ◦ g′Tr) = RestrfT r (h′

Tr) ◦RestrfT r (g′Tr)
and RestrfT r (idM0

T r
) = idRestrf T r (M0

T r )

Pro of: It su�ces to show the compatibilit y of homomorphismsand restrictions,
i. e. the commutativit y of the diagram in Fig. 2.12, becausethe transforma-
tion restrictions are de�ned in terms of RfT r ,t and, hence, the images of the
restriction are well-de�ned, if they are compatible with RfT r ,t.

t′M0

h0
t 0 //

Rf T r ;t

��
(=)

t′N0

Rf T r ;t

��
tM

ht

//tN

Figure 2.12: Restriction of transformation homomorphisms
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RfT r ,t(h′
t0(t′A0,B0(a′, b′)))

= (transformation homomorphism, Def. 2.1.16)
RfT r ,t(t′h0

D S (A0),h0
D S (B0)(h

′
A0 ◦ a′, h′

B0 ◦ b′))
= (restriction of transformation expressions,Def. 2.2.8)

tVf D S (h0
D S (A0)),Vf D S (h0

D S (B0))(h′
A0 ◦ a′, h′

B0 ◦ b′)
= (restriction of data state homomorphisms,Def. 2.2.6)

thD S (Vf D S (A0)),hD S (Vf D S (B0))(hVf D S (A0) ◦ a′, hVf D S (B0) ◦ b′)
= (transformation homomorphism, Def. 2.1.16)

ht(tVf D S (A0),Vf D S (B0)(a′, b′))
= (restriction of transformation expressions,Def. 2.2.8)

ht(RfT r ,t(t′A0,B0(a′, b′)))

Since, transformation homomorphismsare unique w. r. t. the underlying data
state homomorphism,the equalitites for the compatibilit y with composition and
identities follow directly from the corresponding compatibilities on the data state
layer. �

2.2.4 Process Layer

Sincethe syntax of processsymbols is similar to that of transformation symbols,
we also obtain a similar notion of signature morphism.

De�nition 2.2.12 (Pro cess Signature Morphism)
Given a data state signature morphism fDS : � DS → � ′

DS and two corresponf-
ing processsignatures(� Pr, in, out) and (� ′

Pr , in, out), a process signature mor-

phism fPr: (� Pr, in, out) → (� ′
Pr, in, out) is a triple (fPr, fin, fout) with a func-

tion fPr: � Pr → � ′
Pr, which assignsto each processsymbol p ∈ � Pr a pro-

cesssymbol fPr(p) ∈ � ′
Pr, and two families fin and fout of function families

fin(p): in(p) → in(fPr(p)) and fout(p): out(p) → out(fPr(p)) assigning param-
eters of fTr(p) with matching type to the parameters of each transformation
symbol p ∈ � Pr.

fPr: (� Pr, in, out) → (� ′
Pr, in, out) = (fPr, fin, fout)

with fPr: � Pr → � ′
Pr

(fin(p): in(p) → in(fPr(p))) p∈ΣP r

fin(p) = (fin(p),s: in(p)s → in(fPr(p))fD S ;S (s))s∈ΣD S ;S

(fout(p): out(p) → out(fPr(t))) p∈ΣP r

fout(p) = (fout(p),s: out(p)s → out(fPr(p))fD S ;S (s))s∈ΣD S ;S

We also obtain a similar notion for the restriction of processexpressions.

De�nition and Fact 2.2.13 (Pro cess Expression Restriction)
Given a processsignature morphism fPr: (� Pr, in, out) → (� ′

Pr , in, out), a pro-
cesssymbol p ∈ � Pr with fPr(p) = p′ and a data state model M ′

DS for � ′
DS ,

the process restriction function RfP r ,p assignsto each processexpressionfor p′

and M ′
DS a processexpressionfor p and RestrfD S (M ′

DS) de�ned by the for-
getful functor on the data states and concatenation with the mappings for the
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parameters.

RfP r ,p: PrExpr(M ′
DS , p′) → PrExpr(RestrfD S (M ′

DS), p)
with RfP r ,p(p′A0,B0(a′, b′)) = pVf D S (A0),Vf D S (B0)(a′ ◦ fin(p), b

′ ◦ fout(p))

Pro of: Similar to De�nition and Fact 2.2.8. �

The restriction of a processmodel is now constructedsimilar to transformations,
for the processesthemselves. For the RSTS, we take the identit y, becausewe
have no syntactical hint, how to restrict the structure inside the graphs. The
occurencesetsare obtained by taking the union of the occurencesetsfor all pro-
cessexpressionsidenti�ed by the restriction and then concatenatingall of them
with the DSTS-homomorphism induced by the data state and transformation
restriction.

De�nition and Fact 2.2.14 (Pro cess Mo del Restriction)
Given a processsignature morphism fPr: (� Pr, in, out) → (� ′

Pr, in, out) and a
� ′

Pr-model M ′
Pr, the restriction of M ′

Pr is a � Pr-model RestrfP r (M ′
Pr) = MPr,

where the RSTSs for the processsymbols in � Pr are given by the RSTSs for
the images in � ′

Pr, the processesare constructed like the transformations on
the transformation layer and the occurrencesare constructed by concatenating
the occurrencesof the image processwith the induced DSTS-homomorphism.

RestrfP r (M ′
Pr) = MPr

with Mp = M ′
fP r (p)

pM =
�

RfP r ,p(p′A0,B0(a′, b′)) | p′A0,B0(a′, b′) ∈ fPr(p)M0

	

OccMp (pA,B(a, b)) = { fM0
D S T S

◦ occ′ | fPr(p) = p′,

occ′ ∈ OccM0
p 0

(p′A0,B0(a′, b′)) }

Pro of: We have to show that the restriction is a proper processmodel, which
consistsof the processesbeing correct similar to De�nition and Fact 2.2.9, the
RSTSsbeing obviously RSTSssincethey are identical, the correct functionalit y
of the occurencesshown in Fig. 2.13 and the occurencesmapping pathes from
initial to �nal reactive states to pathes from initial to �nal data state:

∃i ∈ IM0
f P r ( p )

= IMp ∃f ∈ FM0
f P r ( p )

= FMp :

occ′(i) = A′, occ′(f ) = B′,

i

E�
M 0

f P r ( p )
=E�

M p

//f
=⇒ (restriction of DSTSs, Def. 2.2.10)

∃i ∈ IMp ∃f ∈ FMp :
fM0

D S T S
(occ′(i)) = VfD S (A′), fM0

D S T S
(occ′(f )) = VfD S (B′),

i
E�

M p //f
⇐⇒ (restriction of occurences,Def. 2.2.14)

∃i ∈ IMp ∃f ∈ FMp :
occ(i) = VfD S (A′), occ(f ) = VfD S (B′),

i
E�

M p //f

�
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GMp = GM0
f P r ( p )

occ0
//

occ
''OOOOOOOOOOO
M ′

DSTS

fM 0
D S T S

��
MDSTS

Figure 2.13: Restriction of occurences

The restriction of processhomomorphismsis de�ned on the onehand, for graphs,
like the restriction of data type homomorphisms,by just forgetting the graph
homomorphismfor additional symbols, on the other hand, for processes,similar
to the restriction of transformation homomorphisms.

De�nition and Fact 2.2.15 (Pro cess Homomorphism Restriction)
Given a processsignature morphism fPr: (� Pr , in, out) → (� ′

Pr, in, out) and a
� ′

Pr-homomorphism h′
Pr: M ′

Pr → N ′
Pr, the restriction of h′

Pr is a � Pr-homo-
morphism RestrfP r (h′

Pr) = hPr: MPr → NPr between the restrictions MPr =
RestrfP r (M ′

Pr) and NPr = RestrfP r (N ′
Pr). It consistsof the graph homomor-

phisms for the image processsymbols and processexpressionmappings con-
structed similar to the transformation restriction.

RestrfP r (h′
Pr: M ′

Pr → N ′
Pr) = hPr: MPr → NPr

with MPr = RestrfP r (M ′
Pr), NPr = RestrfP r (N ′

Pr)
hGp = h′

Gf P r ( p )

hp(RfP r ,p(p′A0,B0(a′, b′)) = RfP r ,p(h′
p0(p′A0,B0(a′, b′))

The restriction is compatible with composition and identities:

RestrfP r (h′
Pr ◦ g′Pr) = RestrfP r (h′

Pr) ◦RestrfP r (g′Pr)
and RestrfP r (idM0

P r
) = idRestrf P r (M0

P r )

Pro of: We have to show the homomorphism properties of the restriction and
the compatibilit y with composition and identities.

Homomorphism Prop erties: Showing that the restriction is a proper ho-
momorphism consistsof the hGp being graph homomorphismspreserving
initial and �nal states, the hp being proper processexpressionmappings
and the existenceof an occurrencefor the imageof each processexpression.

• Since the graph homomorphismsare identical to the corresponding
onesin h′

Pr, preservation of initial and �nal states is inherited from
h′

Pr.

• For the processexpressionsthe proof is similar to the oneof De�nition
and Fact 2.2.11.

• We still have to show. that the existenceof an occurencefor a pro-
cessexpressionimplies the existenceof an occurencefor the image
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expression(seeFig. 2.14):

∃occM ∈ OccMp (pA,B(a, b))
=⇒ (restriction of occurences,Def. 2.2.14)

∃occM0 ∈ OccM0
f P r ( p )

(p′A0,B0(a′, b′))

with occM = fM0
D S T S

◦ occM0

for somep′A0,B0(a′, b′)
with RfP r ,p(p′A0,B0(a′, b′)) = pA,B(a, b)

=⇒ (h′
Pr processhomomorphism, Def. 2.1.24)
∃occN0 ∈ OccN0

f P r ( p )
(h′

p(p′A0,B0(a′, b′)))

=⇒ (restriction of occurences,Def. 2.2.14)
∃fND S T S ◦ occN0 ∈ OccNp (RfP r ,p(h′

p(p′A0,B0(a′, b′))))
=⇒ (restriction of processhom., Def. 2.2.15)

∃occN ∈ OccNp (hp(pA,B(a, b)))

GMp = GM0
f P r ( p )

occM 0 //

hG p =h0
G f P r ( p )

��

occM

$$
M ′

DSTS

fM 0
D S T S//

h0
D S T S

��

MDSTS

hD S T S

��
GNp = GN0

f P r ( p )occN 0
//

occN

::N ′
DSTS fN D S T S

//NDSTS

Figure 2.14: Restriction of processhomomorphisms

Compatibilit y with Comp osition and Iden tit y: Compatibilit y with com-
position and identities can be shown for the graph part like for the data
type restriction with graphs instead of carrier sets, and for the processes
like for transformations.

�

2.2.5 Integration

Now we combine the signature morphisms and restriction constructions on the
di�eren t layers into integrated notions.

De�nition 2.2.16 (In tegrated Signature Morphism)
Given two integrated signatures � and � ′, an integrated signature morphism

f : � → � ′ consistsof

• a data type signature morphism fDT : � DT → � ′
DT as in Def. 2.2.1,

• a data state signature morphism fDS : � DS → � ′
DS w. r. t. fDT as in Def.

2.2.4,
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• a transformation signature morphism fTr: (� Tr, in, out) → (� ′
Tr, in, out)

w. r. t. fDS as in Def. 2.2.7 and

• a processsignature morphism fPr: (� Pr, in, out) → (� ′
Pr, in, out) w. r. t.

fDS as in Def. 2.2.12.

In contrast to the integrated de�nition of model (Def. 2.1.28),we do not have to
demandthe compatibilit y of the layersin the de�nition of integrated restrictions,
since it results from the compatibilit y in the unrestricted model.

De�nition and Fact 2.2.17 (In tegrated Mo del Restriction)
Given an integrated signature morphism f : � → � ′ and a � ′-model M ′ the
restriction of M ′ is a �-mo del Restrf (M ′) = M consisting of

• the data type restriction MDT = VfD T (M ′
DT ) as in Def. 2.2.2,

• the data state restriction MDS = RestrfD S (M ′
DS) as in Def. 2.2.5,

• the transformation restriction MTr = RestrfT r (M ′
Tr) as in Def. 2.2.9and

• the processrestriction MPr = RestrfP r (M ′
Pr) as in Def. 2.2.14.

Pro of: M is a proper �-mo del, since the restrictions on the layers are proper
models, as shown in the corresponding subsections. �

For the restriction of homomorphisms,we also integrate the compatibilit y with
composition and identities, which is neededfor the functor properties of restric-
tion in Theorem 2.2.19.

De�nition and Fact 2.2.18 (In tegrated Homomorphism Restriction)
Given an integrated signature morphism f : � → � ′ and a � ′-homomorphism
h′: M ′ → N ′ the restriction of h′ is a �-homomorphism Restrf (h′) = h: M →
N , where M = Restrf (M ′) and N = Restrf (N ′), consisting of

• the restriction hDT : MDT → NDT = VfD T (h′
DT : M ′

DT → N ′
DT ) of the

data type homomorphism as in Def. 2.2.3,

• the restriction hDS : MDS → NDS = RestrfD S (h′
DS : M ′

DS → N ′
DS) of the

data state homomorphism as in Def. 2.2.6,

• the restriction hTr: MTr → NTr = RestrfT r (h′
Tr: M ′

Tr → N ′
Tr) of the

transformation homomorphism as in Def. 2.2.11and

• the restriction hPr: MPr → NPr = RestrfP r (h′
Pr: M ′

Pr → N ′
Pr) of the

processhomomorphism as in Def. 2.2.15.

The restriction is compatible with composition and identities:

Restrf (h′ ◦ g′) = Restrf (h′) ◦Restrf (g′)
and Restrf (idM0) = idRestrf (M0)
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Pro of: h is a proper �-homomorphism, sincethe homomorphismson the layers
are proper homomorphisms,as shown in the corresponding subsections. �

As the main result of this section,we get the following theorem, interpreting the
restriction construction for a signature morphism as a functor from the model
category of the secondsignature to the model category of the �rst one.

Theorem 2.2.19 (Restriction Functor)
The restriction construction for an integrated signature morphism f : � → � ′

forms a functor Restrf : Mod(� ′) →Mod(�).

Pro of: The necessaryproperties of a functor are exactly the compatibilit y with
composition and identit y, proven in De�nition and Fact 2.2.18. �

2.3 In tegrated Signature Speci�cation Frame

Speci�cation framesare a conceptfor the formulation and classi�cation of struc-
tural aspects common to many formal speci�cation techniques intro duced in
[EGR94]. A speci�cation frame de�nes a category of abstract speci�cations and
a model functor assigningmodels and forgetful functors to abstract speci�ca-
tions and abstract speci�cation morphisms.

De�nition 2.3.1 (Sp eci�cation Frame [EGR94 ])
A specification frame SF = (ASp ec, Cat) consistsof a category ASp ec, called
category of abstract specifications, and a functor Cat: ASp ec → Cat , called
model functor.

With the signature morphisms and the restriction construction, we can ex-
tend the classof all integrated signatures � to becomea category In tSig and
the assignment of model categoriesMod(�) to becomea contravariant functor
Mod: In tSig op → Cat . Hence,we get a speci�cation frame IntSigSF .

Theorem 2.3.2 (In tegrated Signature Speci�cation Frame)
The category In tSig of integrated signatures and integrated signature mor-
phisms, together with the functor Mod: In tSig op → Cat de�ned by

Mod(�) (the model category as in Theorem 2.1.32)
Mod(f : � → � ′) = Restrf : Mod(� ′) →Mod(�)

(the restriction functor as in Theorem 2.2.19)

forms a speci�cation frame, called specification frame of integrated signatures

IntSigSF .

Pro of: We have to show that In tSig is a category and Mod a functor.

In tSig Category: For In tSig being a category, signature morphisms have to
be closedunder composition, which is associative, becauseit consistsof
functions, for which the composition is associative.
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For the algebraicsignatureson the �rst two layers,wehavethat dom◦gOp◦
fOp = (gS)∗ ◦ dom ◦ fOp by the compatibilit y of g and (gS)∗ ◦ dom ◦ fOp =
(gS)∗ ◦ (fS)∗ ◦ dom by the compatibilit y of f , and analogouslyfor cod.

On the other layersthere are no compatibilit y requirements, but just func-
tions, which can be composedstraightforward.

Moreover there have to be neutral identities, which is the case,because
the morphismsconsisting of identities in all parts are compatible with the
domains and codomains.

Mod Functor: Now showing that Mod is a functor consistsof the compatibilit y
with composition and identities.

There are basically two kinds of restriction constructions, on the onehand,
for carrier sets, operations and RSTSs, the exact model element for the
imagesymbol is taken,on the other hand, for data states, transformations,
processesand occurences,an inner restriction is applied to the model
element. The �rst kind can be seenas a special caseof the secondone,
where the inner restriction is the identit y.

Therefore, without lossof generality, we only have to show the properties
for the following genericversion of the construction:

Restrf (M ′)x = {Rf,x(X ′) | X ′ ∈M ′
f(x) }

Here, x is a syntactical symbol, and Rf,x is the inner restriction. The
X ′ are the elements of the carrier sets, the operation applications (single
tuples in the operation graph), resp. the nodes and edgesof the RSTSs
for the �rst kind of restriction, for the secondkind it are data states,
transformation or processexpressionsor occurences.

Preserv ation of Comp osition: We have to show:

Restrg◦f = Restrf ◦Restrg

For the left hand sideweget by applying the genericrestriction above:

Restrg◦f (M ′′)x =
n

Rg◦f,x(X ′′) | X ′′ ∈M ′′
g◦f(x)

o

For the right hand sidesequential application of the restriction yields:

Restrf (Restrg(M ′′))x =�
Rf,x(X ′) | X ′ ∈ Restrg(M ′′)f(x)

	
=n

Rf,x(X ′) | X ′ ∈
n

Rg,f(x)(X ′′) | X ′′ ∈M ′′
g(f(x))

o o
=

n
Rf,x(Rg,f(x)(X ′′)) | X ′′ ∈M ′′

g(f(x))

o

Since g ◦ f (x) = g(f (x)) by de�nition of function composition, for
both sides to be identical, we get the su�cien t but not necessary
property, that the inner restriction satis�es:

Rg◦f,x = Rf,x ◦Rg,f(x)

For the identities this is obvious. For the data states, the inner
restriction is the fogetful functor for partial algebras,which in turn
satis�es the property, becauseits inner restrictions are identities.
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For transformation and processexpressions,we get by applying the
de�nition and the fact, that partial algebra restriction is a functor:

Rg◦f,x (g(f (x))A00,B00(a, b)) =
xVg D S � f D S (A00),Vg D S � f D S (B00)(a, b) =
xVf D S (Vg D S (A00)),Vf D S (Vg D S (A00))(a, b) =

Rf,x

�
f (x)Vg D S (A00),Vg D S (A00)(a, b)

�
=

Rf,x

�
Rg,f(x) (g(f (x))A00,B00(a, b))

�

Finally, for occurrencesthe inner restriction is concatenation with
fM0

D S T S
, which in turn consistsof VfD S and RfT r , whenceit satis�es

the restriction properties:

Rg◦f,p

�
occ: M ′′

g(f(p)) →M ′′
DSTS

�
=

(g ◦ f )M00
D S T S

◦ occ: Mp →MDSTS =
fM0

D S T S
◦ gM00

D S T S
◦ occ: Mp →MDSTS =

Rf,p

�
gM00

D S T S
◦ occ: M ′

f(p) →M ′
DSTS

�
=

Rf,p

�
Rg,f(p)

�
occ: M ′′

g(f(p)) →M ′′
DSTS

� �

Preserv ation of Iden tities: Here, we have to show:

Restrid� = idMod(Σ)

The left hand side yields, with the genericrestriction:

Restrid� (M )x =
�

Rid� ,x(X) | X ∈Mid� (x)

	

The right hand side with the de�nition of model identities leadsto:

idMod(Σ)(M )x = Mx

Now, since idΣ(x) = x, we obtain as a su�cien t but not necessary
property for the equality of both sides:

Rid� ,x(X) = X

For sorts, operations and RSTSs inner restrictions are identities by
de�nition. For data states,we can again recursively argue, that inner
restriction is the partial algebraforgetful functor, whoseinner restric-
tion is identit y, and, hence,the forgetful functor for idΣD S mapsdata
states identical.
It remains to show that restrictions of transformation and process
expressionsand occurences,are identities. For the expressions,we
again recurseto the partial algebra forgetful functor:

Rid� ,x (xA,B(a, b)) =
xVid � ;D S (A),Vid � ;D S (B)(a, b) =
xA,B(a, b)

The DSTS homomorphism, with which occurencesare concatenated
by inner restriction, is the identit y, since Vid� ;D S and Rid� ;T r are
identities:

Rid� ,p(occ) =
idΣ,MD S T S ◦ occ =
idMD S T S ◦ occ = occ

45



2.3. INTEGRA TED SIGNATURE SPECIFICATION FRAME

In tSig �
f //� ′

In tSig op

Mod

��

�_

��

_

��

� ′
f

oo
_

��
Cat Mod(�) Mod(� ′)

Restrfoo

Figure 2.15: Integrated signature speci�cation frame

Hence, In tSig is a category, Mod a contra-variant functor and IntSigSF a
speci�cation frame. �

The speci�cation IntSigSF encapsulatesall notions intro duced in this chapter,
signatures,model categories,signature morphismsand restriction functors. The
relations betweenthesenotions are summarized in Figure 2.15.
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Chapter 3

Structuring Concepts

In this chapter we will intro ducemeansto structure large integrated signatures
and models by union and amalgamation (Section 3.1) and refinement and ab-

straction (Section 3.2).

Both constructions are new and have not been consideredfor the integration
framework in [EO01a, EO01b, EOB+02b] so far.

We will not prove the constructions in this chapter formally, but only give
informal arguments, that they satisfy the neededproperties.

3.1 Union of Signatures and Amalgamation of
Mo dels

Union (on the syntactical side) and amalgamation (on the semantical side) are
means to compose signatures and models with common parts. The common
subpart is given by a signature � 0 with morphisms into both signatures� 1 and
� 2 that are to be composed. Then the union is constructed as the pushout
object � 3 in Fig. 3.1(a).

Two models M1 ∈ Mod(� 1) and M2 ∈ Mod(� 2) can be amalgamated, if the
restriction M0 ∈ Mod(� 0) to the common subsignature is the samefor both
models, leading to a model M3 ∈ Mod(� 3) such that the restriction to � 1 is
M1 and the restriction to � 2 is M2 (seeFig. 3.1(b)).

The notion of amalgamation, as it is usedfor example in [EM85] and [EGR94],
normally includesthe assumption, that the amalgamation is unique, and, hence,
the models of � 3 can be decomposedinto their restrictions to � 1 and � 2, such
that the original model is retrieved by re-amalgamating the restrictions.

In this sense,our amalgamation is only a \w eak" amalgamation, becausethe
uniquenessand decomposition properties are not full�lled. We will see the
reasonsfor that in the corresponding subsections,namely in Subsection3.1.2and
3.1.3. In the following wewill just write \amalgamation", whenour weakversion
is meant, and \strong amalgamation", when uniquenessand decomposition are
full�lled.
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� 0

f 1

||yy
yy

yyy
y

f 2

""EEE
EEE

EE

� 1

g1
""EEE

EE
EEE

(PO) � 2

g2
||yy

yy
yy

yy

� 3

(a) Union

M0

M1

;

Restrf 1
=={{{{{{{{
(=) M2

�

Restrf 2
aaCCCCCCCC

M3
�

Restrg 1

aaCCCCCCCC ; Restrg 2

=={{{{{{{{

(b) Amalgamation

Figure 3.1: Union and amalgamation

Moreover, we only get amalgamations for signature morphisms, which are in-
jective on transformation and processsymbols, becausethe inner restrictions
could otherwise lead to incompatibilities.

Again, we will �rst look at the layers in detail and then, in Subsection3.1.5,
combine them to the integrated notions.

3.1.1 Data Type Layer

The union of data type signatures depicted in Fig. 3.2, which is a pushout of
algebraic signatures, can be constructed by pushouts in Set for the sort and
operation symbol sets.

� 1
DT,Op

g1
D T ;O p

$$IIIIIIIIIIIIIII

dom

��

cod

��
� 0

DT,Op

f 1
D T ;O p

::uuuuuuuuuuuuuuu

f 2
D T ;O p

$$IIIIIIIIIIIIIII

dom

��

cod

��

(� 1
DT,S)∗

(g1
D T ;S )�

$$IIIIIIIIIIIIIII
� 3

DT,Op

dom

��

cod

��
(� 0

DT,S)∗

(f 1
D T ;S )� ::uuuuuuuuuuuuuuu

(f 2
D T ;S )�

$$IIIIIIIIIIIIIII
� 2

DT,Op

g2
D T ;O p

::uuuuuuuuuuuuuuu

dom

��

cod

��

(� 3
DT,S)∗

(� 2
DT,S)∗

(g2
D T ;S )�

::uuuuuuuuuuuuuuu

Figure 3.2: Union of data type signatures

De�nition 3.1.1 (Union of Data T yp e Signatures)
Given data type signatures� 0

DT , � 1
DT and � 2

DT with data type signature mor-
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phisms f1
DT : � 0

DT → � 1
DT and f2

DT : � 0
DT → � 2

DT , the union of � 1
DT and � 2

DT

over � 0
DT is a pushout � 1

DT ∪Σ0
D T

� 2
DT = � 3

DT in the category AlgSig con-
structed by pushouts of the symbol sets:

� 3
DT,S = � 1

DT,S ∪Σ0
D T ;S

� 2
DT,S

� 3
DT,Op = � 1

DT,Op ∪Σ0
D T ;O p

� 2
DT,Op

The morphisms gi
DT : � i

DT → � 3
DT for i ∈ {1, 2} consist of the functions gi

DT,S

and gi
DT,Op given by the pushout constructions for the symbol sets. The do-

main and codomain functions are given by the translation of the corresponding
domain and codomain functions in � 1

DT and � 2
DT .

dom(gi
DT,Op(opi)) = (gi

DT,S)∗(dom(opi))
cod(gi

DT,Op(opi)) = (gi
DT,S)∗(cod(opi))

An amalgamateddata type is constructed by taking for a symbol x in � 3
DT the

model elements of M1
DT and/or M2

DT for symbols, which are mapped to x. This
construction works, because,if there are multiple symbols, which are mapped
to x, then the pushout property ensures,that they are the imagesof symbols
in � 0

DT , for which the model elements in the restrictions have to be identical.

On the other hand this immediately ensures,that the restrictions of the amal-
gamation to � 1

DT resp. � 2
DT again yield M1

DT resp. M2
DT . On this layer we

obtain a strong amalgamation, where the restriction to � 1 and � 2 leads to a
decomposition of models, becausethe model elements are kept identical by the
restriction as well as the amalgamation.

De�nition 3.1.2 (Amalgamation of Data T yp e Mo dels)
Given a union of data type signatures, a � 1

DT -model M1
DT and a � 2

DT -model
M2

DT , such that Vf 1
D T

(M1
DT ) = M0

DT = Vf 2
D T

(M2
DT ), the amalgamation of

M1
DT and M2

DT over M0
DT is a � 3

DT -model M1
DT + M0

D T
M2

DT = M3
DT , which

is constructed by taking the carrier sets and operations of M 1
DT and M2

DT

respectively for symbols who are assignedto corresponding symbols of � 1
DT

and � 2
DT .

M1
DT + M0

D T
M2

DT = M3
DT

with M3
s3 =

�
M1

s1 if s3 = g1
DT,S(s1)

M2
s2 if s3 = g2

DT,S(s2)

op3
M3 =

�
op1

M1 if op3 = g1
DT,Op(op1)

op2
M2 if op3 = g2

DT,Op(op2)

We can also apply the amalgamtion construction to homomophisms of data
types, leading to amalgamatedhomomorphismsbetweenthe amalgamationsof
the corresponding sourcesand targets.

De�nition 3.1.3 (Amalgamation of Data T yp e Hom.)
Given a union of data type signatures, a � 1

DT -homomorphism h1
DT : M1

DT →
N1

DT and a � 2
DT -homomorphism h2

DT : M2
DT → N2

DT , such that Vf 1
D T

(h1
DT ) =

h0
DT = Vf 2

D T
(h2

DT ), the amalgamation of h1
DT and h2

DT over h0
DT is a � 3

DT -
homomorphismh1

DT + h0
D T

h2
DT = h3

DT , which is constructed by taking the sort

49



3.1. UNION OF SIGNATURES AND AMALGAMA TION OF MODELS

functions of h1
DT and h2

DT respectively for sort symbols who are assignedto
corresponding symbols of � 1

DT and � 2
DT .

h1
DT + h0

D T
h2

DT = h3
DT : M3

DT → N3
DT

with M3
DT = M1

DT + M0
D T

M2
DT , N3

DT = N1
DT + N0

D T
N2

DT

h3
s3 =

�
h1

s1 if s3 = g1
DT,S(s1)

h2
s2 if s3 = g2

DT,S(s2)

3.1.2 Data State Layer

On the data state layer, there is just another algebraic signature, so we can
take the same construction as above. Since pushouts are only unique up to
isomorphism, we have to take care, that the pushout signature on the data type
layer is a subsignatureof the pushout signature on the data state layer.

De�nition 3.1.4 (Union of Data State Signatures)
Given a union of data type signaturesand corresponding data state signatures
� 0

DS , � 1
DS and � 2

DS with morphisms f1
DS : � 0

DS → � 1
DS and f2

DS: � 0
DS → � 2

DS ,
the union is again a pushout � 1

DS ∪Σ0
D S

� 2
DS = � 3

DT in the category AlgSig ,
where we selecta pushout, such that � 3

DT ⊆ � 3
DS .

Here is one of the points, where the weaknessof our amalgamation is rooted.
The data state classesM 1

DS and M2
DS can both contain several data states

with the samerestriction in M0
DS. Now we construct the maximal model where

every pair of �tting data states from M 1
DS and M2

DS is amalgamated, but a
model where there are only a few of theseamalgamationswould yield the same
restrictions, as long as there is at least one data state in M 3

DS for each data
state in M1

DS or M2
DS .

De�nition 3.1.5 (Amalgamation of Data State Mo dels)
Given a union of data state signatures, a � 1

DS-model M1
DS and a � 2

DS-model
M2

DS , such that Restrf 1
D S

(M1
DS) = M0

DS = Restrf 2
D S

(M2
DS), the amalgamation

of M1
DS and M2

DS over M0
DS is a � 3

DS-model M1
DS + M0

D S
M2

DS = M3
DS , which

consistsof all possibleamalgamationsof the data states from M 1
DS and M2

DS.

M1
DS + M0

D S
M2

DS = M3
DS

with M3
DS = { A1 + A0 A2 |A1 ∈M1

DS, A2 ∈M2
DS ,

A0 = Vf 1
D S

(A1) = Vf 2
D S

(A2) ∈M0
DS }

Again this construction can be extended to homomorphisms, since the con-
struction of the data state models ensuresthat every data state in M 3

DS is
constructed from data states of both sides, for which the homomorphism im-
agescan be amalgamated, which yields the homomorphism image also being
included in M3

DS .

De�nition 3.1.6 (Amalgamation of Data State Hom.)
Given a union of data state signatures, a � 1

DS-homomorphism h1
DS : M1

DS →
N1

DS and a � 2
DS-homomorphism h2

DS : M2
DS → N2

DS , so that Restrf 1
D S

(h1
DS) =
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h0
DS = Restrf 2

D S
(h2

DS), the amalgamation of h1
DS and h2

DS over h0
DS is a � 3

DS-
homomorphism h1

DS + h0
D S

h2
DS = h3

DS , which maps the amalgamationsof data
states to the amalgamationsof the imagesunder the homomorphisms.

h1
DS + h0

D S
h2

DS = h3
DS : M3

DS → N3
DS

with M3
DS = M1

DS + M0
D S

M2
DS, N3

DS = N1
DS + N0

D S
N2

DS

h3
DS(A1 + A0 A2) = h1

DS(A1) + h0
D S (A0 ) h2

DS(A2)

3.1.3 Transformation Layer

The union of transformation signatures is constructed by a Set-pushout of the
transformation symbols, wherethe parametervariablesaregivenby by pushouts
for common transformation symbols and by just translating the sorts of the
variablesfor transformation symbols, which stemfrom just oneof the signatures.

De�nition 3.1.7 (Union of Transformation Signatures)
Given a union of data state signaturesand corresponding transformation signa-
tures (� 0

Tr, in, out), (� 1
Tr, in, out) and (� 2

Tr, in, out) with morphisms f1
Tr and

f2
Tr, the union (� 3

Tr, in, out) is constructed by a pushout � 3
Tr = � 1

Tr ∪Σ0
T r

� 2
Tr

in the category Set for the transformation symbols, where the parameters are
also obtained by pushouts in(t3) = in(t1) ∪in(t0 ) in(t2) for transformation sym-
bols in the commonpart. For transformation symbols not in the common part,
the sorts of the parametersare just translated accordingto the data state layer.

Transformations are the secondreasonfor the weaknessof our amalgamation,
becauseagain the existenceof several transformation stepson both sides,which
are identi�ed by the restriction, leads to several possible � 3

Tr-models, having
the same restriction. We also choose the maximal model, where all possible
amalgamatedtransformations are included.

At this point we need the injectivit y of transformation signature morphisms,
becauseotherwise we would have to amalgamate transformation steps for all
transformation symbols identi�ed by the signature morphism, but we could not
guarantee their compatibilit y.

De�nition 3.1.8 (Amalgamation of Transformations)
Given a union of transformation signatureswith a transformation symbol t0 in
the common part and two transformations t1

M1 and t2
M2 for the image trans-

formation symbols t1 = f1
Tr(t0) and t2 = f2

Tr(t0), such that the restriction to
� 0 is the sametransformation Rf 1

T r ,t0 (t1
M1 ) = t0

M0 = Rf 2
T r ,t0 (t2

M2 ), the amal-

gamated transformation t1
M1 + t0

M 0
t2
M2 = t3

M3 for the common transformation

symbol g1
Tr(t1) = t3 = g2

Tr(t2) in � 3
Tr is obtained by combining all transforma-

tion steps that agreeon the common part of the transformed data states and
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on the common parameters.

For t3 = g1
Tr(t1) = g2

Tr(t2) :
t3
M3 = t1

M1 + t0
M 0

t2
M2 =

{t3A3 ,B3 (a3, b3) | t0A0 ,B0 (a0, b0) ∈ t0M0 ,

t1
A1 ,B1 (a1, b1) ∈ t1

M1 , t2A2 ,B2 (a2, b2) ∈ t2
M2 ,

A0 = Vf 1
D S

(A1) = Vf 2
D S

(A2), A3 = A1 + A0 A2,

B0 = Vf 1
D S

(B1) = Vf 2
D S

(B2), B3 = B1 + B0 B2,

a0 = a1 ◦ f1
in(t0 ) = a2 ◦ f2

in(t0 ),

a3(x3) =

(
a1(x1) if x3 = g1

in(t1 )(x
1)

a2(x2) if x3 = g2
in(t2 )(x

2)
,

b0 = b1 ◦ f1
out(t0 ) = b2 ◦ f2

out(t0 ),

b3(x3) =

(
b1(x1) if x3 = g1

out(t1 )(x
1)

b2(x2) if x3 = g2
out(t2 )(x

2)
}

The lifting of transformations, which stem from only one of the sides, is done
loosely, which means that in the added part of the data states all possible
changesare allowed to occur. This is necessaryto get the amalgamation of
processoccurrencesin the next subsection.

De�nition 3.1.9 (Lifting of Transformations)
Given a union of transformation signatureswith a transformation symbol t1 in
� 1

Tr, which is not common, i. e. it is not imageof a transformation symbol in the
commonpart, and a corresponding transformation t1

M1 , the lifted transformation

t3M3 for the image transformation symbol t3 in � 3
Tr is obtained by taking all

transformation steps for which there exists a transformation step in t1
M1 with

the forgetful functor imagesof the data states and the sameparameters.

For t3 = g1
Tr(t1) and ¬∃t2: t3 = g2

Tr(t2) :
t3M3 = (t1M1 )# =
{t3A3 ,B3 (a1, b1) | t1A1 ,B1 (a1, b1) ∈ t1M1 ,

A1 = Vg1
D S

(A3), B1 = Vg1
D S

(B3) }

Now, the amalgamation of transformation models is just constructed by the
amalgamation of common transformations and the lifting of transformations,
which stem from only one of the sides.

De�nition 3.1.10 (Amalgamation of Transformation Mo dels)
Given a union of transformation signatures,a � 1

Tr-model M1
Tr and a � 2

Tr-model
M2

Tr, such that Restrf 1
T r

(M1
Tr) = M0

Tr = Restrf 2
T r

(M2
Tr), the amalgamation of

M1
Tr and M2

Tr over M0
Tr is a � 3

Tr-model M1
Tr + M0

T r
M2

Tr = M3
Tr, which consists

of amalgamated transformations for the common transformation symbols and
lifted transformations for the transformation symbols from only oneof M 1

Tr and
M2

Tr.

M3
Tr = (t3

M3 )t3∈Σ3
T r

with t3
M3 =

8
<

:

t1M1 + t0
M 0

t2M2 if t3 = g1
Tr(t1) = g2

Tr(t2)
(t1M1 )# if t3 = g1

Tr(t1) ∧ ¬∃t2: t3 = g2
Tr(t2)

(t2
M2 )# if t3 = g2

Tr(t2) ∧ ¬∃t1: t3 = g1
Tr(t1)
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Again, this construction can be extended to homomorphisms, where the ex-
istence of the homomorphism, uniquely determined by the homomorphism on
the data state layer, is guaranteed, becausefor amalgamated transformations
all homomorphism imagesare also amalgamatedand, hence,exist in the amal-
gamation.

For the transformations from one of the sides, the lifting construction, which
includesall transformation stepsbeing restricted to transformation stepson the
corresponding sideinto the amalgamation, alsodoesthis for the homomorphism
images.

De�nition 3.1.11 (Amalgamation of Transformation Homomorph.)
Given a union of transformation signatures,a � 1

Tr-homomorphismh1
Tr: M1

Tr →
N1

Tr and a � 2
Tr-homomorphism h2

Tr: M2
Tr → N2

Tr, so that Restrf 1
T r

(h1
Tr) =

h0
Tr = Restrf 2

T r
(h2

Tr), the amalgamation of h1
Tr and h2

Tr over h0
Tr is a � 3

Tr-
homomorphism h1

Tr + h0
T r

h2
Tr = h3

Tr, which maps the amalgamationsof trans-
formation stepsto the amalgamationsof the imagesunder the homomorphisms.

h1
Tr + h0

T r
h2

Tr = h3
Tr: M3

Tr → N3
Tr

with M3
Tr = M1

Tr + M0
T r

M2
Tr, N

3
Tr = N1

Tr + N0
T r

N2
Tr

h3
t3 (t1

A1 ,B1 (a1, b1) + t0
A 0 ;B 0 (a0 ,b0 ) t2

A2 ,B2 (a2, b2)) =

h1
t1 (t1

A1 ,B1 (a1, b1)) + h0
t 0 (t0

A 0 ;B 0 (a0 ,b0 )) h2
t2 (t2

A2 ,B2 (a2, b2))

3.1.4 Process Layer

The union of processsignaturesis constructed like the union of transformation
signatures,since they are structured identically .

De�nition 3.1.12 (Union of Pro cess Signatures)
Given a union of data state signatures and corresponding processsignatures
(� 0

Pr, in, out), (� 1
Pr, in, out) and (� 2

Pr, in, out) with morphisms f1
Pr and f2

Pr,
the union (� 3

Pr, in, out) is constructed by a pushout � 3
Pr = � 1

Pr ∪Σ0
P r

� 2
Pr in

the categorySet for the processsymbols,wherethe parametersarealsoobtained
by pushouts in(p3) = in(p1) ∪in(p0 ) in(p2) for processsymbols in the common
part. For processsymbols not in the common part, the sorts of the parameters
are just translated according to the data state layer.

Amalgamation of processexpressions,amalgamation of common processesand
lifting of processesis done exactly as for transformations. The RSTSs, which
are identical for common processsymbols, sincethe restriction is the same,are
just included identically into the amalgamatedprocessmodel.

For occurenceswe again choose a loose amalgamation, where all graph mor-
phism, which have the corresponding restrictions, are included into the oc-
curencesets. More precisely, in the caseof common processsymbols for each
pair of occurences,whoserestrictions to the common part are the same,all oc-
curencemorphisms, whoserestrictions are these occurencesare included. For
processsymbols from one of the sidesthe occurencesare lifted.
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De�nition 3.1.13 (Amalgamation of Pro cess Mo dels)
Given a union of processsignatures,a � 1

Pr-model M1
Pr and a � 2

Pr-model M2
Pr,

such that Restrf 1
P r

(M1
Pr) = M0

Pr = Restrf 2
P r

(M2
Pr), the amalgamation of M1

Pr

and M2
Pr over M0

Pr is a � 3
Pr-model M1

Pr+ M0
P r

M2
Pr = M3

Pr, which consistsof the
RSTSs for the corresponding symbols in M 1

Pr and M2
Pr, processesconstructed

similar to transformations and occurrencesets,which are constructed such that
the restriction to the sidesyields the original sets(seeFig. 3.3).

M3
Pr = (M3

p3 , p3
M3 , OccM3

p 3
)p3∈Σ3

T r

with M3
p3 =

�
M1

p1 if p3 = g1
Pr(p1)

M2
p2 if p3 = g2

Pr(p2)

p3
M3 =

8
<

:

p1
M1 + p0

M 0
p2

M2 if p3 = g1
Pr(p1) = g2

Pr(p2)
(p1

M1 )# if p3 = g1
Pr(p1) ∧ ¬∃p2: p3 = g2

Pr(p2)
(p2

M2 )# if p3 = g2
Pr(p2) ∧ ¬∃p1: p3 = g1

Pr(p1)

OccM3
p 3

(p3
A,B(a, b)) =

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

{ occ3: GM3
p 3
→M3

DSTS |

∃occ1 ∈ OccM1
p 1

(Rg1
P r ,p1 (p3

A,B(a, b))) ,

∃occ2 ∈ OccM2
p 2

(Rg2
P r ,p2 (p3

A,B(a, b))):

f1
M1

D S T S
◦ occ1 = f2

M2
D S T S

◦ occ2,

occ1 = g1
M3

D S T S
◦ occ3,

occ2 = g2
M3

D S T S
◦ occ3 }

if p3 = g1
Pr(p1) = g2

Pr(p2)
{ occ3: GM3

p 3
→M3

DSTS |

∃occ1 ∈ OccM1
p 1

(Rg1
P r ,p1 (p3

A,B(a, b))):

occ1 = g1
M3

D S T S
◦ occ3 }

if p3 = g1
Pr(p1) ∧ ¬∃p2: p3 = g2

Pr(p2)
{ occ3: GM3

p 3
→M3

DSTS |

∃occ2 ∈ OccM2
p 2

(Rg2
P r ,p2 (p3

A,B(a, b))):

occ2 = g2
M3

D S T S
◦ occ3 }

if p3 = g2
Pr(p2) ∧ ¬∃p1: p3 = g1

Pr(p1)

GM1
p 1

occ1

��
(=)

GM3
p 3

occ3

��
(=)

GM2
p 2

occ2

��
M1

DSTS

f 1
M 1

D S T S
%%JJJJJJJJJ

M3
DSTS

g1
M 3

D S T S

oo
g2

M 3
D S T S

//

(=)

M2
DSTS

f 2
M 2

D S T S
yyttttttttt

M0
DSTS

Figure 3.3: Amalgamation of processoccurrences

De�nition 3.1.14 (Amalgamation of Pro cess Homomorphisms)
Given a union of processsignatures, a � 1

Pr-homomorphism h1
Pr: M1

Pr → N1
Pr

and a � 2
Pr-homomorphism h2

Pr: M2
Pr → N2

Pr, so that Restrf 1
P r

(h1
Pr) = h0

Pr =
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Restrf 2
P r

(h2
Pr), the amalgamation of h1

Pr and h2
Pr over h0

Pr is a � 3
Pr-homomor-

phism h1
Pr + h0

P r
h2

Pr = h3
Pr, which contains the graph homomorphismsof h1

Pr

and h2
Pr and mappingsof the amalgamationsof processexpressionsto the amal-

gamations of the imagesunder the homomorphisms.

h1
Pr + h0

P r
h2

Pr = h3
Pr: M3

Pr → N3
Pr

with M3
Pr = M1

Pr + M0
P r

M2
Pr, N

3
Pr = N1

Pr + N0
P r

N2
Pr

h3
Gp 3

=

(
h1

Gp 1
if p3 = g1

Pr(p1)

h2
Gp 2

if p3 = g2
Pr(p2)

h3
p3 (p1

A1 ,B1 (a1, b1) + p0
A 0 ;B 0 (a0 ,b0 ) p2

A2 ,B2 (a2, b2)) =

h1
p1 (p1

A1 ,B1 (a1, b1)) + h0
p 0 (p0

A 0 ;B 0 (a0 ,b0 )) h2
p2 (p2

A2 ,B2 (a2, b2))

3.1.5 Integration

This time we do not de�ne the union of integrated signatures in terms of the
underlying layers, but characterize it as a pushout in In tSig .

De�nition 3.1.15 (Union of In tegrated Signatures)
The union of integrated signatures � 0, � 1 and � 2 with signature morphisms
f1: � 0 → � 1 and f2: � 0 → � 2 is a pushout object � 1 ∪Σ0 � 2 = � 3 with
morphisms g1: � 1 → � 3 and g2: � 2 → � 3, which can be constructed by corre-
sponding unions on the layers.

The amalgamation of integrated models and model homomorphismscan then
again be de�ned layer-wise.

De�nition 3.1.16 (Amalgamation of In tegrated Mo dels)
Given a union of integrated signatures and integrated models M 1 ∈ Mod(� 1)
and M2 ∈ Mod(� 2), such that Restrf 1 (M1) = M0 = Restrf 2 (M2), the amal-

gamation of M1 and M2 over M0 is a � 3-model M1 + M0 M2 = M3, which is
constructed by

• the data type amalgamation M 3
DT = M1

DT + M0
D T

M2
DT as in Def. 3.1.2,

• the data state amalgamation M 3
DS = M1

DS + M0
D S

M2
DS as in Def. 3.1.5,

• the transformation model amalgamationM 3
Tr = M1

Tr + M0
T r

M2
Tr asin Def.

3.1.10and

• the processmodel amalgamationM 3
Pr = M1

Pr + M0
P r

M2
Pr asin Def. 3.1.13.

De�nition 3.1.17 (Amalgamation of In tegrated Homomorphisms)
Given a union of integrated signatures and integrated model homomorphisms
h1: M1 → N1 and h2: M2 → N2, such that Restrf 1 (h1) = h0 = Restrf 2 (h2),
the amalgamation of h1 and h2 over h0 is a � 3-homomorphism h1 + h0 h2 = h3,
which is constructed by

• the data type homomorphism amalgamation h3
DT = h1

DT + h0
D T

h2
DT as in

Def. 3.1.3,
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• the data state homomorphism amalgamation h3
DS = h1

DS + h0
D S

h2
DS as in

Def. 3.1.6,

• the transformation homomorphism amalgamation h3
Tr = h1

Tr + h0
T r

h2
Tr as

in Def. 3.1.11and

• the processhomomorphism amalgamation h3
Pr = h1

Pr + h0
P r

h2
Pr as in Def.

3.1.14.

The essential property of amalgamationsof integrated models is summarizedin
the following weak amalgamation theorem.

Theorem 3.1.18 (W eak Amalgamation Theorem)
Given a union of integrated signatures and integrated models M 1 ∈ Mod(� 1)
and M2 ∈ Mod(� 2), such that Restrf 1 (M1) = M0 = Restrf 2 (M2), the amal-
gamation full�lls the following amalgamation property :

Restrg1 (M1 + M0 M2) = M1 and Restrg2 (M1 + M0 M2) = M2

The theorem is weaker then the notions of amalgamation in [EM85, EGR94],
becausewe are not able to guarantee the decomposition property of (strong)
amalgamations, M3 = Restrg1 (M3) + M0 Restrg2 (M3), since M3 could be a
model, where not all of the data states and transformation stepsof the (maxi-
mal) model Restrg1 (M3) + M0 Restrg2 (M3) are present, as already mentioned
in Subsections3.1.2 and 3.1.3.

3.2 Signature Re�nemen ts and Abstraction of
Mo dels

Signature re�nements are a more generalclassof signature morphisms and are
again interpreted by forgetful functors on model categoriesin the opposite di-
rection, which we will call abstractions of models and homomorphisms.

3.2.1 Data Type Layer

Re�nements are allowed to map operation symbols not only to other operation
sybols, but also to terms with corresponding variables. Therefore, we �rst have
to de�ne terms for algebraicsignatures,which arebuild over familiesof variables.

De�nition 3.2.1 (T erms for an Algebraic Signature)
Given an algebraic signature � and a family X = (Xs)s∈ΣS of variables, the
family TΣ(X) = (TΣ(X)s)s∈ΣS ∪{λ} of terms over � is recursively de�ned by:

Xs ⊆ TΣ(X)s

op ∈ � Op, dom(op) = s1 . . . sn, cod(op) = s,
t1 ∈ TΣ(X)s1 , . . . , tn ∈ TΣ(X)sn =⇒ op(t1, . . . , tn) ∈ TΣ(X)s
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Note, that this de�nition subsumesthe special casesof constant symbols, which
are initially included in the corresponding term set, and predicate symbols,
constituting terms in TΣ(X)λ, which can not be used in the construction of
other terms.

We will denote by V ar(t) the family of variables usedin the term t.

Normally, e.g. in [EM85], an algebra of terms with trivial operations is con-
structed, which can be usedto characterizethe evaluation as(initial) homomor-
phisms. Since evaluation will be partial and our homomorphismsare not, we
do not apply this categorical characterization here.

For sorts we allow re�nements to map static sorts to dynamic ones. This feature
is useful, if changesto a static sort becomenecessaryduring systemdevelopment.

The terms assignedto static operation symbols, however, may not contain dy-
namic operation symbols, which leadsto the restriction that no operation sym-
bols are allowed for static sorts re�ned by dynamic ones.

Note, that the terms are not required to use all parameters given to the oper-
ation. This can be used,when the result of an operation in the re�ned system
model doesnot depend on all its parameters.

De�nition 3.2.2 (Data T yp e Signature Re�nemen t)
Given two data type signatures � DT and � ′

DT and a data state signature � ′
DS

w. r. t. � ′
DT , a data type signature refinement rDT : � DT  (� ′

DT , � ′
DS) con-

sists of a function rDT,S : � DT,S → � ′
DS,S and a function rDT,Op: � DT,Op →

TΣ0
D T

(X), where the variables contained in a term rDT,Op(op) are canonically
named representants for the parameters in dom(op) and the sort of the term is
cod(op).

rDT : � DT  (� ′
DT , � ′

DS)
with rDT,S : � DT,S → � ′

DS,S

rDT,Op: � DT,Op → TΣ0
D T

(X)
rDT,Op(op) ∈ TΣ0

D T
(X)rD T ;S (cod(op))

V ar(rDT,Op(op)) ⊆ {x1: rDT,S(s1), . . . , xn: rDT,S(sn)}
for dom(op) = s1 . . . sn

To interpret terms we intro duce the evaluation of terms for a given partial
algebra, which is a partial function from the terms of a sort symbol into the
corresponding carrier set.

De�nition 3.2.3 (Ev aluation of Terms)
Given an algebraic signature �, variables X , a �-algebra A and an assignment
asg: X → A, the evaluation of terms is a family asg: TΣ(X) → A of functions
de�ned recursively by:

asgs(x) = asgs(x) for x ∈ Xs

asgs(op(t1, . . . , tn) = opA(asgs1
(t1), . . . , asgsn

(tn))
for dom(op) = s1 . . . sn, cod(op) = s

Similar to the domain Dom(opA) of an operation we denote by Dom(t, A) the
set of all assignments, for which the term t is de�ned.
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On the model side the assignment of a dynamic sort symbol to a static sort
symbol is interpreted by taking the union of the carrier sets in all data states
as abstracted carrier sets. Sincethe static sorts are included in the data states
we can subsumethe statically re�ned sort symbols as special cases,where con-
structing the union over all data states, does not change anything and results
in the carrier setsof the data type.

For operation symbols the application of the operation in the abstracted model
is interpreted by the evaluation of the term, where the parametersgiven to the
operation are assignedto the corresponding variables.

De�nition 3.2.4 (Data T yp e Mo del Abstraction)
Given a data type signature re�nement rDT : � DT  (� ′

DT , � ′
DS), a � ′

DT -model
M ′

DT and a corresponding � ′
DS-model M ′

DS , the abstraction of (M ′
DT , M ′

DS) is
a � DT -model AbstrrD T (M ′

DT , M ′
DS) = MDT , where the carrier sets are given

by the union of the corresponding carrier sets in M ′
DS and the operations by

the evaluation of the correponding terms in M ′
DT .

AbstrrD T (M ′
DT , M ′

DS) = MDT

with Ms =
S

A0∈M0
D S

A′
rD T ;S (s)

opM (m1, . . . , mn) = asg(rDT,Op(op))
asg: V ar(rDT,Op(op)) →M ′

DT = {x1 7→ m1, . . . , xn 7→ mn}

Strictly speaking, the data state model is allowed to be a class,not only a set,
of data states, and the union of a classof sets will not be a proper carrier set.
We could avoid this problem by assuminga universeset Us for each dynamic
sort s, which shall be abstracted to a static one, such that the carrier sets As

for all data states are subsetsof Us.

For abstracted data type homomorphismswe get a construction similar to re-
striction for the statically re�ned sorts, while for sort symbols re�ned by dy-
namic ones, we get an inclusion of the carrier sets, becausethe requirement,
that dynamic sorts and their imagesunder a homomorphism have to be iden-
tical, ensuresthat an abstracted sort in the secondmodel includes at least all
elements of the corresponding abstracted sort in the �rst model.

Again, we just take the union of all homomorphism functions betweenthe data
state carrier sets,becausethis subsumesthe data type homomorphismsas spe-
cial cases.

De�nition 3.2.5 (Data T yp e Homomorph. Abstraction)
Given a data type signature re�nement rDT : � DT  (� ′

DT , � ′
DS) and a � ′

DS-
homomorphismh′

DS : M ′
DS → N ′

DS , the abstraction of h′
DS is a � DT -homomor-

phism AbstrfD T (h′
DS) = hDT : MDT → NDT , where the functions hs are given

by the unions of the corresponding functions for all data states in M ′
DS.

AbstrfD T (h′
DS : M ′

DS → N ′
DS) = hDT : MDT → NDT

where hs =
S

A0∈M0
D S

hA0,rD T ;S (S)

The abstraction is compatible with composition and identities:

AbstrfD T (h′
DT ◦ g′DT ) = AbstrfD T (h′

DT ) ◦AbstrfD T (g′DT )
and AbstrfD T (idM0

D T
) = idAbstrf D T (M0

D T )
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3.2.2 Data State Layer

On the data state layer we again allow the assignment of terms to operation
symbols. For sort symbols, however, we do not have the possibility to generalize
the morphism notion, becausethere are no sorts other than the onesof � ′

DS in
� ′.

De�nition 3.2.6 (Data State Signature Re�nemen t)
Given a data type signature re�nement rDT : � DT  (� ′

DT , � ′
DS) and a data

state signature � DS w. r. t. � DT , a data state signature refinement rDS : � DS  
� ′

DS consistsof a function rDS,S: � DS,S → � ′
DS,S and a function rDS,Op: � DS,Op

→ TΣ0
D S

(X), such that rDS is an extensionof rDT .

rDS : � DS  � ′
DS

with rDS,S : � DS,S → � ′
DS,S

rDS,Op: � DS,Op → TΣ0
D S

(X)
rDS,Op(op) ∈ TΣ0

D S
(X)rD S ;S (cod(op))

V ar(rDS,Op(op)) ⊆ {x1: rDS,S(s1), . . . , xn: rDS,S(sn)}
for dom(op) = s1 . . . sn

rDT ⊆ rDS

For the abstraction of data states we cannot take the abstraction construction
of the data type layer, becauseit would unify the sorts of all data states, even
for sorts which are still dynamic in the abstracted model. Instead, we have to
distinguish betweenstatic and dynamic sorts, and take the union over all data
states only for sorts that are static in the abstracted model, but just the sort of
the particular data state for sorts that stay dynamic.

Note that, if a dynamic sort symbol is assignedto a static and a dynamic one,
this results in two di�eren t sorts in the abstracted model, one that is static
and contains all elements included in any data state, and one that is dynamic
and contains only the elements of the corresponding data state in the concrete
model.

For dynamic operations whosedynamic domain or codomain is abstracted to
a static one, the abstracted domains and codomains include the original ones,
there are just additional elements from other data states which are unreachable
for codomains and for which the operation is unde�ned in the domain case.

De�nition 3.2.7 (Data State Abstraction)
Given a data state signature re�nement rDS : � DS  � ′

DS and a � ′
DS-model

M ′
DS , the abstraction ArD S (A′) = A of a data state A′ ∈ M ′

DS is a data state
for � DS w. r. t. the abstracted data type MDT constructed by taking the union
of the carrier sets in all data states for static sorts and just the carrier sets of
A′ for dynamic sorts.

ArD S (A′) = A
with As =

S
X0∈M0

D S
X ′

rD T ;S (s) for s ∈ � DT,S

As = A′
rD S ;S

for s ∈ � DS,S \ � DT,S

opA(a1, . . . , an) = asg(rDS,Op(op))
asg: V ar(rDS,Op(op)) → A′ = {x1 7→ m1, . . . , xn 7→ mn}
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Using this de�nition we can now abstract the whole data state model similar to
the restriction by applying the above abstraction to all data states.

De�nition 3.2.8 (Data State Mo del Abstraction)
Given a data state signature re�nement rDS : � DS  � ′

DS and a � ′
DS-model

M ′
DS , the abstraction of M ′

DS is a � DS-model AbstrrD S (M ′
DS) = MDS consist-

ing of all abstractions for the data states in M ′
DS .

AbstrrD S (M ′
DS) = MDS

with MDS = {ArD S (A′) |A′ ∈M ′
DS }

For data state homomorphisms there are no specialities, since the abstracted
dynamic parts are also dynamic in the concretemodel, which is why they meet
all requirements for data state homomorphisms.

De�nition 3.2.9 (Data State Homomorph. Abstraction)
Given a data state signature re�nement rDS : � DS  � ′

DS and a � ′
DS-homomor-

phism h′
DS : M ′

DS → N ′
DS , the abstraction of h′

DS is a � DS-homomorphism
AbstrrD S (h′

DS) = hDS : MDS → NDS between MDS = AbstrfD S (M ′
DS) and

NDS = AbstrfD S (N ′
DS) assigning to the abstraction ArD S (A′) of a data state

A′ the forgetful functor image of h′
DS(A′).

AbstrrD S (h′
DS : M ′

DS → N ′
DS) = hDS : MDS → NDS

with MDS = AbstrrD S (M ′
DS), NDS = AbstrrD S (N ′

DS)
hDS(AbstrrD S (A′)) = AbstrrD S (h′

DS(A′))

The restriction is compatible with composition and identities:

AbstrrD S (h′
DS ◦ g′DS) = AbstrrD S (h′

DS) ◦AbstrrD S (g′DS)
and AbstrrD S (idM0

D S
) = idAbstrr D S (M0

D S )

3.2.3 Transformation Layer

On the transformation layer transformation symbols can not only be re�ned by
transformation symbols, but also by processsymbols. This allows to add an
inner processstructure to specify how the e�ect of the abstract transformation
is reached in terms of more concretetransformations.

De�nition 3.2.10 (T ransformation Signature Re�nemen t)
Given a data state signature re�nement fDS : � DS  � ′

DS and corresponding
transformation and processsignatures(� Tr, in, out), (� ′

Tr , in, out) and (� ′
Pr , in,

out), a transformation signature refinement fTr: (� Tr, in, out)  (� ′
Tr, � ′

Pr, in,
out) is a triple (fTr, fin, fout) with a function fTr: � Tr → � ′

Tr, which assigns
to each transformation symbol t ∈ � Tr a transformation or a processsym-
bol rTr(t) ∈ � ′

Tr ∪ � ′
Pr, and two families fin and fout of function families

fin(t): in(t) → in(fTr(t)) and fout(t): out(t) → out(fTr(t)) assigningparameters
of fTr(t) with matching type to the parametersof each transformation symbol
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t ∈ � Tr.

fTr: (� Tr, in, out)  (� ′
Tr, � ′

Pr, in, out) = (fTr, fin, fout)
with fTr: � Tr → � ′

Tr ∪ � ′
Pr

(fin(t): in(t) → in(fTr(t))) t∈ΣT r

fin(t) = (fin(t),s: in(t)s → in(fTr(t))fD S ;S (s))s∈ΣD S ;S

(fout(t): out(t) → out(fTr(t))) t∈ΣT r

fout(t) = (fout(t),s: out(t)s → out(fTr(t))fD S ;S (s))s∈ΣD S ;S

The (inner) abstraction of transformation steps is obtained by generalizingthe
restriction construction to usingabstractionsof the sourceand target data state,
instead of just restrictions.

De�nition 3.2.11 (T ransformation Expr. Abstraction)
Given a transformation signature re�nement rTr : (� Tr, in, out)  (� ′

Tr, � ′
Pr,

in, out), a transformation symbol t ∈ � Tr with rTr(t) = t′ and a data state
model M ′

DS for � ′
DS , the tranformation abstraction function ArT r ,t assignsto

each transformation or processexpression for t′ and M ′
DS a transformation

expressionfor t and AbstrfD S (M ′
DS) de�ned by the abstraction on the data

states and concatenation with the mappings for the parameters.

ArT r ,t: TrExpr(M ′
DS , t′) → TrExpr(AbstrrD S (M ′

DS), t) resp.
ArT r ,t: PrExpr(M ′

DS , t′) → TrExpr(AbstrrD S (M ′
DS), t)

with ArT r ,t(t′A0,B0(a′, b′)) = tAr D S (A0),Ar D S (B0)(a′ ◦ rin(t), b
′ ◦ rout(t))

Abstracted transformations are constructed very similar to restricted transfor-
mations, where, if a processsymbol is assignedto a transformation symbol, the
processstructure consisting of the RSTS and the occurencesis just forgotten.

De�nition 3.2.12 (T ransformation Mo del Abstraction)
Given a transformation signature re�nement rTr : (� Tr, in, out)  (� ′

Tr, � ′
Pr,

in, out), a � ′
Tr-model M ′

Tr and a � ′
Pr-model M ′

Pr, the abstraction of (M ′
Tr,

M ′
Pr) is a � Tr-model AbstrrT r (M ′

Tr, M
′
Pr) = MTr, which contains for each

transformation symbol t ∈ � Tr the abstractions of all transformation steps of
rTr(t)M0.

AbstrrT r (M ′
Tr, M

′
Pr) = MTr = (tM )t∈ΣT r

with tM =
�

ArT r ,t(t′A0,B0(a′, b′)) | t′A0,B0(a′, b′) ∈ rTr(t)M0

	

The abstraction, like the restriction, induces a graph homomorphism between
the DSTSs, where transformation sets containing transformation steps gener-
ated by abstraction of processexpressionsare unreachable, since there are no
corresponding transformation steps in the concretemodel.

De�nition 3.2.13 (Abstraction-Induced DSTS-Homomorph.)
Given a data state signature re�nement rDS : � DS  � ′

DS , a transformation
signature re�nement rTr: (� Tr, in, out)  (� ′

Tr, � ′
Pr, in, out) and a � ′-DSTS

M ′
DSTS and the corresponding �-DSTS MDSTS , the graph homomorphism
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rM0
D S T S

: M ′
DSTS →MDSTS is givenby the data state abstraction ArD S on nodes

and the extensionof the transformation abstraction ArT r to setson edges.

rM0
D S T S

: M ′
DSTS →MDSTS

with rM0
D S T S

(A′) = ArD S (A′)
rM0

D S T S
(T ′

A0,B0) = { ArT r ,t(t′A0,B0(a′, b′)) |
rTr(t) = t′, t′A0,B0(a′, b′) ∈ T ′

A0,B0 }

Abstracted transformation homomorphismsareagainsimilar to restricted trans-
formation homomorphisms, becausethe corresponding functions between the
expressionsetsexist for transformations as well as for processes.

De�nition 3.2.14 (T ransformation Hom. Abstraction)
Given a transformation signature re�nement rTr: (� Tr, in, out)  (� ′

Tr, � ′
Pr,

in, out), a � ′
Tr-homomorphism h′

Tr: M ′
Tr → N ′

Tr and a � ′
Pr-homomorphism

h′
Pr: M ′

Pr → N ′
Pr, the abstraction of (h′

Tr, h
′
Pr) is a � Tr-trafo-homomorphism

AbstrrT r (h′
Tr, h

′
Pr) = hTr: MTr → NTr between MTr = AbstrrT r (M ′

Tr, M
′
Pr)

and NTr = AbstrrT r (N ′
Tr, N

′
Pr) assigningto the restrictions of transformation

steps in M ′
Tr the restrictions of the imagesunder h′

Tr.

AbstrrT r (h′
Tr, h

′
Pr) = hTr: MTr → NTr

with ht(ArT r ,t(t′A0,B0(a′, b′)) = ArT r ,t(h′
t0(t′A0,B0(a′, b′))

The restriction is compatible with composition and identities:

AbstrrT r (h′
Tr ◦ g′Tr, h

′
Pr ◦ g′Pr) =

AbstrrT r (h′
Tr, h

′
Pr) ◦AbstrrT r (g′Tr, g

′
Pr)

and AbstrrT r (idM0
T r

, idM0
P r

) = idAbstrr T r (M0
T r ,M0

P r )

3.2.4 Process Layer

On the processlayer re�nements are exactly the sameas morphisms.

De�nition 3.2.15 (Pro cess Signature Re�nemen t)
Given a data state signature re�nement rDS : � DS  � ′

DS and two correspond-
ing processsignatures (� Pr, in, out) and (� ′

Pr, in, out), a process signature re-

finement rPr: (� Pr, in, out)  (� ′
Pr, in, out) is a triple (rPr , rin, rout) with a

function rPr: � Pr → � ′
Pr, which assignsto each processsymbol p ∈ � Pr a

processsymbol rPr(p) ∈ � ′
Pr, and two families rin and rout of function fami-

lies rin(p) and rout(p) assigningparametersof rPr(p) with matching type to the
parametersof each processsymbol p ∈ � Pr.

rPr: (� Pr, in, out)  (� ′
Pr , in, out) = (rPr, rin, rout)

with rPr: � Pr → � ′
Pr

(rin(p): in(p) → in(rPr(p))) p∈ΣP r

rin(p) = (rin(p),s: in(p)s → in(rPr(p))fD S ;S (s))s∈ΣD S ;S

(rout(p): out(p) → out(rPr(t))) p∈ΣP r

rout(p) = (rout(p),s: out(p)s → out(rPr(p))fD S ;S (s))s∈ΣD S ;S
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Sincethere are no di�erences betweenprocessmorphisms and re�nements, the
abstraction of processexpressionsand processmodelsis similar to the restriction
with the useof data state abstraction instead of restriction.

De�nition 3.2.16 (Pro cess Expression Abstraction)
Given a processsignature re�nement rPr : (� Pr, in, out)  (� ′

Pr, in, out), a pro-
cesssymbol p ∈ � Pr with rPr(p) = p′ and a data state model M ′

DS for � ′
DS , the

process abstraction function ArP r ,p assignsto each processexpressionfor p′ and
M ′

DS a processexpressionfor p and AbstrrD S (M ′
DS) de�ned by the abstraction

on the data states and concatenation with the mappings for the parameters.

ArP r ,p: PrExpr(M ′
DS , p′) → PrExpr(RestrrD S (M ′

DS), p)
with ArP r ,p(p′A0,B0(a′, b′)) = pAr D S (A0),Ar D S (B0)(a′ ◦ rin(p), b

′ ◦ rout(p))

Now the abstraction of processmodels is just the sameas the restriction with
restriction of processexpressionsreplacedby abstraction.

De�nition 3.2.17 (Pro cess Mo del Abstraction)
Given a processsignature re�nement rPr : (� Pr, in, out)  (� ′

Pr, in, out) and a
� ′

Pr-model M ′
Pr, the abstrsction of M ′

Pr is a � Pr-model AbstrfP r (M ′
Pr) = MPr,

where the RSTSs for the processsymbols in � Pr are given by the RSTSs for
the images in � ′

Pr, the processesare constructed like the transformations on
the transformation layer and the occurrencesare constructed by concatenating
the occurrencesof the image processwith the induced DSTS-homomorphism.

AbstrrP r (M ′
Pr) = MPr

with Mp = M ′
rP r (p)

pM =
�

ArP r ,p(p′A0,B0(a′, b′)) | p′A0,B0(a′, b′) ∈ rPr(p)M0

	

OccMp (pA,B(a, b)) = { rM0
D S T S

◦ occ′ | rPr(p) = p′,

occ′ ∈ OccM0
p 0

(p′A0,B0(a′, b′)) }

For processhomomorphisms, again the notion of abstraction is similar to re-
striction, using abstraction instead of restriction for all notions imported from
lower layers.

De�nition 3.2.18 (Pro cess Homomorphism Abstraction)
Given a processsignature re�nement rPr: (� Pr, in, out)  (� ′

Pr, in, out) and
a � ′

Pr-homomorphism h′
Pr: M ′

Pr → N ′
Pr, the abstraction of h′

Pr is a � Pr-
homomorphism AbstrrP r (h′

Pr) = hPr: MPr → NPr between the abstractions
MPr = AbstrrP r (M ′

Pr) and NPr = AbstrrP r (N ′
Pr). It consistsof the graph ho-

momorphisms for the image processsymbols and processexpressionmappings
constructed similar to the transformation restriction.

AbstrrP r (h′
Pr: M ′

Pr → N ′
Pr) = hPr: MPr → NPr

with MPr = AbstrrP r (M ′
Pr), NPr = AbstrrP r (N ′

Pr)
hGp = h′

Gr P r ( p )

hp(ArP r ,p(p′A0,B0(a′, b′)) = ArP r ,p(h′
p0(p′A0,B0(a′, b′))

The abstraction is compatible with composition and identities:

AbstrrP r (h′
Pr ◦ g′Pr) = AbstrrP r (h′

Pr) ◦AbstrrP r (g′Pr)
and AbstrrP r (idM0

P r
) = idAbstrr P r (M0

P r )
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3.2.5 Integration

In this subsectionwe, oncemore, just combine the notions of the di�eren t layers
into integrated ones,wherethis seemsa little morenecessaryin this casebecause
of the cross-layer relationships in the data type and transformation re�nements
and abstractions.

For the syntax we get integrated signature re�nements consisting, not surpris-
ingly, of re�nements on the di�eren t layers. Note, that re�nements subsume
plain morphisms as special cases.

De�nition 3.2.19 (In tegrated Signature Re�nemen t)
Given two integrated signatures � and � ′, an integrated signature refinement

r: �  � ′ consistsof

• a data type signature re�nement rDT : � DT  (� ′
DT , � ′

DS) as in Def.
3.2.2,

• a data state signature re�nement rDS : � DS  � ′
DS w. r. t. rDT as in Def.

3.2.6,

• a transformation signature re�nement rTr : (� Tr, in, out)  (� ′
Tr, � ′

Pr, in,
out) w. r. t. rDS as in Def. 3.2.10and

• a processsignature re�nement rPr: (� Pr, in, out)  (� ′
Pr, in, out) w. r. t.

rDS as in Def. 3.2.15.

On the semantical side we again combine the notions presented in the previous
subsections.

De�nition 3.2.20 (In tegrated Mo del Abstraction)
Given an integrated signature morphism r: �  � ′ and a � ′-model M ′ the
abstraction of M ′ is a �-mo del Abstrr(M ′) = M consisting of

• the data type abstraction MDT = AbstrrD T (M ′
DT , M ′

DS) as in Def. 3.2.4,

• the data state abstraction MDS = AbstrrD S (M ′
DS) as in Def. 3.2.8,

• the transformation abstraction MTr = AbstrrT r (M ′
Tr, M

′
Pr) as in Def.

3.2.12and

• the processabstraction MPr = AbstrrP r (M ′
Pr) as in Def. 3.2.17.

De�nition 3.2.21 (In tegrated Homomorphism Abstraction)
Given an integrated signature re�nement r: �  � ′ and a � ′-homomorphism
h′: M ′ → N ′ the abstraction of h′ is a �-homomorphism Abstrr(h′) = h: M →
N , where M = Abstrr(M ′) and N = Abstrr(N ′), consisting of

• the abstraction hDT : MDT → NDT = AbstrrD T (h′
DS : M ′

DS → N ′
DS) of

the data type homomorphism as in Def. 3.2.5,

• the abstraction hDS : MDS → NDS = AbstrrD S (h′
DS : M ′

DS → N ′
DS) of the

data state homomorphism as in Def. 3.2.9,
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• the abstraction hTr: MTr → NTr = AbstrrT r (h′
Tr : M ′

Tr → N ′
Tr, h

′
Pr: M ′

Pr

→ N ′
Pr) of the transformation homomorphism as in Def. 3.2.14and

• the abstraction hPr: MPr → NPr = AbstrrP r (h′
Pr: M ′

Pr → N ′
Pr) of the

processhomomorphism as in Def. 3.2.18.

The abstraction is compatible with composition and identities:

Abstrr(h′ ◦ g′) = Abstrr(h′) ◦Abstrr(g′)
and Abstrr(idM0) = idAbstrr (M0)

Like the restriction construction the abstraction construction also constitutes
functors betweenthe model categories.

Theorem 3.2.22 (Abstraction Functor)
The abstraction construction for an integrated signature re�nement r: � → � ′

forms a functor Abstrr: Mod(� ′) →Mod(�).

Summarizing this section, we get another speci�cation frame consisting of the
categoryof integrated signaturesand re�nements and a model functor assigning
abstractions to re�nements.

De�nition 3.2.23 (In tegrated Re�nemen t Speci�cation Frame)
The category In tRef of integrated signatures and integrated signature re�ne-
ments, together with the functor Mod: In tRef op → Cat de�ned by

Mod(�) (the model category as in Theorem 2.1.32)
Mod(r: � → � ′) = Abstrr: Mod(� ′) →Mod(�)

(the abstraction functor as in Theorem 3.2.22)

forms a speci�cation frame, called specification frame of integrated refinements

IntRefSF .
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Chapter 4

Constrain ts

In this chapter we intro duce constraints as meansto specify properties of inte-
grated models. In Section4.1 we look at the notion of a logic of constraints for a
speci�cation frame and de�ne integrated speci�cations, by combining integrated
signatureswith setsof constraints. Then, in Section4.2, we will intro ducesome
examplesof logics of constraints for integrated signatures. Finally, in Section
4.3, we intro duce the concept of high-level constraints.

4.1 Logics of Constrain ts and Speci�cations

In Subsection4.1.1 we will conceptually intro duce the notion of logics of con-
straints, which will be used in Subsection 4.1.2 to de�ne speci�cations and
specifcation morphisms and examine the e�ects on the semantics.

4.1.1 Logics of Constraints

Logics of constraints were intro duced in [EM90] and [EGR94] as categorical
conceptsfor specifying properties of models. A constraint functor assignsa class
of constraints to each signature and a satisfaction relation is de�ned between
models and constraints of the signature.

For signature morphisms the constraint functor yields a translation function
between the corresponding constraint classes,where the satisfaction relation
needsto be compatible with thesetranslations on one hand and the restriction
of models on the other hand.

De�nition 4.1.1 (Logic of Constrain ts)
A logic of constraints LC = (Constr, |= ) for the speci�cation frame IntSigSF =
(In tSig , Mod) of integrated signatures is given by a functor

Constr: In tSig → Class

into the category Class of classes,where the translation functions Constr(f )
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for signature morphismsf are denotedby f#, and for each integrated signature
� ∈ In tSig a relation

|= Σ⊆Mod(�) × Constr(�) ,

called satisfaction relation, such that for all morphisms f : � → � ′, all models
M ′ ∈Mod(� ′) and all constraints φ ∈ Constr(�), the satisfaction condition

M ′ |= Σ0 f#(φ) ⇐⇒ Restrf (M ) |= Σ φ

holds.

The satisfaction relation canbeextendedto classesof constraints, wherea model
M satis�es a classof constraints �, if and only if it satis�es all constraints in �:

M |= � ⇐⇒ ∀φ ∈ �: M |= φ

Logics of constraints can be combined to sums of logics of constraints, which
are again logicsof constraints, by taking for each signature the disjoint union of
the constraint classesas new constraint classand as new satisfaction relation a
combination of the original relations.

De�nition and Fact 4.1.2 (Sum of Logics of Constrain ts)
Given two logics of constraints LC1 = (Constr1, |= 1) and LC2 = (Constr2, |= 2)
for integrated signatures, the sum LC1 + LC2 = (Constr3, models3) is a logic
of constraint, where the constraint functor is given for signaturesby

Constr3(�) = Constr1(�) ] Constr2(�)

and for signature morphisms correspondingly by

Constr3(f ) = Constr1(f ) ] Constr2(f ) .

The combined satisfaction relation is constructed by

M |= 3,Σ φ ⇐⇒

�
M |= 1,Σ φ if φ ∈ Constr1(�)
M |= 2,Σ φ if φ ∈ Constr2(�) .

Pro of: We have to show the satisfaction condition:

For all f : � → � ′, φ ∈ Constr3(�) and M ′ ∈Mod(� ′) we have:

M ′ |= 3,Σ0 Constr3(f )(φ)
⇐⇒ (sum of logic of constraints, Def. 4.1.2)

M ′ |= 1,Σ0 Constr1(f )(φ) if φ ∈ Constr1(�)
M ′ |= 2,Σ0 Constr2(f )(φ) if φ ∈ Constr2(�)

=⇒ (LC1 and LC2 logics of constraints, Def. 4.1.1)
Restrf (M ′) |= 1,Σ φ if φ ∈ Constr1(�)
Restrf (M ′) |= 2,Σ φ if φ ∈ Constr2(�)

⇐⇒ (sum of logic of constraints, Def. 4.1.2)
Restrf (M ′) |= 3,Σ φ

�
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4.1.2 Specifications and Specification Morphisms

We get integrated speci�cations by adding to a signature � a set � of constraints
for that signature, which models should satisfy.

De�nition 4.1.3 (In tegrated Speci�cation)
Given a logic of constraints for integrated signatures LC = (Constr, |= ), an
integrated speci�cation (� , �) consistsof an integrated signature � ∈ In tSig
and a classof constraints � ⊆ Constr(�).

Now, the model category of an integrated speci�cation is just the category of
all models of the signature satisfying the constraints.

De�nition 4.1.4 (Mo del Category for a Speci�cation)
Given an integrated speci�cation (� , �), the model category Mod(� , �) is the
full subcategory of Mod(�), where all models satisfy �.

Mod(� , �) = {M ∈Mod(�) | M |= � }

We alsowant to relate di�eren t speci�cations by speci�cation morphisms,which
aresignaturemorphismsbeingcompatible with the constraints, in the sensethat
the translated constraints of the �rst speci�cation are implied by the constraints
of the secondone.

De�nition 4.1.5 (Sp eci�cation Morphisms)
Given two integrated speci�cations (� , �) and (� ′, � ′), a speci�cation morphism
f : (� , �) → (� ′, � ′) is a signature morphism f : � → � ′, such that all models
satisfying � ′ also satisfy the translated constraints f#(�).

∀M ′ ∈Mod(� ′): M ′ |= Σ0 � ′ =⇒ M ′ |= Σ0 f#(�)

For speci�cation morphismsthe restriction construction respectsthe constraints
in the sense,that the restriction of a model of the secondspeci�cation is a model
of the �rst one.

Fact 4.1.6 (Restriction for Speci�cation Morphisms)
Givena speci�cation morphism f : (� , �) → (� ′, � ′), the restriction construction
for the signature morphism f also de�nes a functor Restrf : Mod(� ′, � ′) →
Mod(� , �) betweenthe model categoriesof the speci�cations.

Pro of: Sincethe restriction is already a functor for model categoriesof signa-
tures, weonly haveto show, that it respectsthe constraints, i. e. that M ′ |= Σ0 � ′

implies Restrf (M ′) |= Σ �.
For all f : (� , �) → (Sigma′, � ′) and M ′ ∈Mod(� ′) we have:

M ′ |= Σ0 � ′

=⇒ (f speci�cation morphism, Def. 4.1.5)
M ′ |= Σ0 f#(�)

⇐⇒ (satisfaction condition, Def. 4.1.1)
Restrf (M ′) |= Σ �
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�

The notions of speci�cations and speci�cation morphismson the syntactical and
models of speci�cations and restrictions for speci�cation morphisms on the se-
mantical sidecan again be combined into a speci�cation frame, the speci�cation
frame of integrated speci�cations IntSpecSF .

De�nition 4.1.7 (In tegrated Speci�cation Speci�cation Frame)
The category In tSp ec of integrated speci�cations and integrated spei�cation
morphisms, together with the functor Mod: In tSp ecop → Cat de�ned by

Mod(� , �) (the model category as in De�nition 4.1.4)
Mod(f : (� , �) → (� ′, �)) = Restrf : Mod(� ′, � ′) →Mod(� , �)

(the restriction functor as in Fact 4.1.6)

forms a speci�cation frame, called specification frame of integrated specifications

IntSpecSF .

4.2 Constrain ts for In tegrated Signatures

In this section we will shortly intro duce some logics of constraints for inte-
grated signatures. In Subsection4.2.1 we will seeexamplesof partial algebra
constraints and how to useto constrain the data type and the data state layer.
Then, in Subsection4.2.2,wewill seesomeways to specify the e�ects of transfor-
mations and processes.Sincethesenotions areonly meant to serveasconceptual
examples,and are not the main focus of this report, we ommit the exact de�ni-
tions of translations of constraints and the proofs for the satisfaction condition
here.

4.2.1 Data Type and Data State Constraints

Sinceour formal framework is built on partial algebrasas data typesand data
states, constraints for partial algebrascan also be usedfor the framework. We
will later formulate this for arbitrary logics of constraints over the speci�cation
frame (AlgSig , PAlg) of algebraicsignaturesand partial algebras,which is why
we �rst intro duce someexamplesof such logics.

All these examples of \lo w-level" constraints, in contrast to the \high-lev el"
ones in the next section, have in common that their satisfaction is de�ned in
terms of the satisfaction for variable assignments.

As a �rst, rather simple exampleterms can be required to be de�ned in a partial
algebra. Theseconstraints, as all constraints de�ned over variables and terms,
can be translated along morphisms and re�nements by translating the sorts of
the variables according to the sort mapping and the terms according to the
operation mappings.
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De�nition 4.2.1 (De�nedness Constrain ts)
The logic of definedness constraints for partial algebrasLCDef = (ConstrDef ,
|= Def ) is given by the constraints

ConstrDef (�) = { (X, t de�ned) | X = (Xs)s∈ΣS , t ∈ TΣ(X) }

and the satisfaction relation

A |= Def (X, t de�ned) ⇐⇒ ∀asg: X → A: A, asg |= Def (X, t de�ned)
where A, asg |= Def (X, t de�ned) ⇐⇒ asg ∈ Dom(t, A) .

Our secondexampleshall be equations,where, similar to the caseof homomor-
phisms, we have di�eren t choicesdepending on how the de�nedness of terms
is treated. We choosea version, where the equality of term evaluations is only
required for assignments, for which both terms are de�ned. We can retrieve
the well-known notion of existential equations by taking the union of such an
equation and de�nednessconstraints for both sidesof the equation.

De�nition 4.2.2 (Equational Constrain ts)
The logic of equational constraints for partial algebrasLCEqu = (ConstrEqu,
|= Equ) is given by the constraints

ConstrEqu(�) = { (X, l = r) | X = (Xs)s∈ΣS , l, r ∈ TΣ(X) }

and the satisfaction relation

A |= Equ (X, l = r) ⇐⇒ ∀asg: X → A: A, asg |= Equ (X, l = r)
where A, asg |= Equ (X, l = r) ⇐⇒ [ asg ∈ Dom(l, A) ∩Dom(r, A)

=⇒ asg(l) = asg(r) ] .

As a last examplewe will de�ne the logic of conditional equations,which consist
of a set of de�nednessand equational constraints aspremiseand onede�nedness
or equational constraint asconclusion,wheretheseare formulated over the same
variable family. A conditional equation is satis�ed, if if for all assignments, for
which the premiseholds, also the conclusion is satis�ed.

De�nition 4.2.3 (Condtional Equational Constrain ts)
The logic of conditional equational constraints for partial algebrasLCCEqu =
(ConstrCEqu, |= CEqu) is given by the constraints

ConstrCEqu(�) = { (X, p1, . . . , pn → c) | X = (Xs)s∈ΣS ,
(X, p1), . . . , (X, c) ∈ ConstrDef+Equ(�) }

and the satisfaction relation

A |= CEqu (X, p1, . . . , pn → c) ⇐⇒
∀asg: X → A: A, asg |= CEqu (X, p1, . . . , pn → c)
where A, asg |= CEqu (X, p1, . . . , pn → c) ⇐⇒

[ A, asg |= Def+Equ (X, p1) ∧ . . . ∧ A, asg |= Def+Equ (X, pn)
=⇒ A, asg |= Def+Equ (X, c) ] .
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Now, constraints for the data type and data state layer can be constructed from
arbitrary partial algebra constraints, by just requiring, that the partial algebra
constraint is satis�ed for the data type or all data states respectively. Sincethe
data type is included in all data states, we only need to de�ne this for data
states, which subsumesthe notion for the data type as special case.

In practical use,however, it makessenseto seperate thesecasesin the notation
of speci�cations, becauseof the conceptual di�erence. Similar to the wide-
spreadpractice of grouping equationswith the operation symbols this doesnot
a�ect the semantics, but makesspeci�cations eaiserto grasp.

De�nition 4.2.4 (Data T yp e and Data State Constrain ts)
Given a logic of partial algebra constraints LCPA = (ConstrPA, |= PA), there is
an induced logic of data type and data state constraints over integrated signature
LCDS(LCPA) = (ConstrDS , |= DS) consisting of the constraints

ConstrDS(�) = ConstrPA(� DS)

and the satisfaction relation

M |= DS c ⇐⇒ ∀A ∈MDS: A |= PA c .

4.2.2 Transformation and Process Constraints

For the transformation and processsignatures,we will intro ducea method here,
where we construct a \pre-p ost-signature" containing all dynamic operation
symbols twice, oncefor the source,oncefor the target data states.

De�nition 4.2.5 (Pre-P ost-Signature)
Given a data state signature � DS w. r. t. a data type signature � DT , the pre-

post-signature � PP consistsof the sort symbols of � DS , the operation symbols
of � DT and for each operation symbol of � DS \ � DT a pre- and a post-operation
symbol.

� PP,S = � DS,S

� PP,Op = � DT,Op ∪ { op@pre, op@post | op ∈ � DS,Op \ � DT,Op }
dom(op@pre) = dom(op@post) = dom(op)
cod(op@pre) = cod(op@post) = cod(op)

Thesepre-post-signaturesare interpreted by contructing a partial algebra com-
bining the source and the target data state. Elements of the dynamic sorts,
which are contained in both data states are included only once in the com-
bined algebra, while the dynamic operations of both data states are disjointly
included. This allows to also formulate invariants or operation interpretations
in the target data state determined by interpretations in the sourcedata state.

De�nition 4.2.6 (Pre-P ost-Algebra)
Given a transformation or processexpressionxA,B(a, b), the pre-post-algebra

A + B is a � PP -algebra, where the sorts are the unions of the sorts of A and
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B, the pre-operations are the operations of A and the post-operations are the
operations of B.

(A + B)s = As ∪ Bs

opA+B = opA = opB = opM for op ∈ � DT,Op

op@preA+B = opA

op@postA+B = opB for op ∈ � DS,Op \ � DT,Op

Note, that for static sorts the union of As = Ms and Bs = Ms is again just
Ms, and that the operations have the correct functionalities, sinceAdom(op) ⊆
Adom(op) ∪ Bdom(op) and similarly for cod and B.

Now, pre-post-constraints for a transformation or processsymbol are arbitrary
partial algebra constraints over the pre-post-signature with the disjoint union
of the input and output parameterscontained in the variables. The additional
variables are, as for partial algebrasimplicitly universally quanti�ed. A trans-
formation step satis�es such a constraint, if the combined algebra satis�es the
constraint for all assignments extending the parameter assignments, and trans-
formations satisfy it, if all transformation stepssatisfy it.

De�nition 4.2.7 (Pre-P ost-Constrain t)
Given a logic of partial algebra constraints LCPA = (ConstrPA, |= PA), where
the constraints (X, c) are formulated over variablesX , there is an induced logic
of pre-post-constraints over integrated signature LCPP (LCPA) = (ConstrPP ,
|= PP ) consisting of the constraints

ConstrPP (�) = { (s, X, c) | s ∈ � Tr ∪ � Pr, X = (Xs)s∈ΣD S ;S ,
in(s) ⊆ X, out(s) ⊆ X, (X, c) ∈ ConstrPA(� PP ) }

and the satisfaction relation

M |= PP (s, X, c) ⇐⇒ ∀sA,B(a, b) ∈ sM : sA,B(a, b) |= PP (X, c)
where sA,B(a, b) |= PP (X, c) ⇐⇒

∀asg: X → A + B: [ a ⊆ asg, b ⊆ asg
=⇒ A + B, asg |= PA (X, c) ] .

Pre-post-constraints areable to determineelements which must bepresent in the
input and output data states respectively, namely the valuesof dynamic terms
for pre- or post-operation symbols, for which de�nednessconstraints have to be
satis�ed.

In contrast to that we have, until now, no way of specifying elements, that are
added or deleted, i. e. that must not be present in the input or output data
state, since the pre-post-algebracontains the union of the carrier sets and the
information, whether elements stem from both or only oneof the states, is lost.
In Subsection4.3.3 we will seehow to useattributed graph transformation for
the purpose of, among other things, specifying the deletion and insertion of
elements.

Also, pre-post-constraints for processsymbols do not determine the data states
reached inside the processin any way, but can only formulate preconditions,
postconditions and invariants, that have to hold in the initial and �nal data
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state, but not necessarilyin between. They can not specify the structure of
the RSTSs or the transformations used by the processes,either. We will use
CCS speci�cations for the purpose of specifying the structure of processesin
Subsection4.3.2.

4.3 High-Lev el Constrain ts

In this sectionwe intro ducethe notion of high-level constraints, which are high-
level structures of some modelling technique used to constrain an integrated
signature. In Subsection 4.3.1 we will intro duce the concept of instantiating
our formal framwework with a modelling technique, and seehow to use such
an instatiation as logic of constraints for integrated signatures. After that, we
will give two example instantiations, namely for the CCS processalgebra in
Subsection4.3.2 and for attributed graph transformation in Subsection4.3.3.

4.3.1 Instantiations as Constraints

For modelling techniques, that are to be integrated into our framework, we just
assumethat they de�ne a classHL of high-level structures.

An instantiation of the formal framework to such a modelling technique is then
given by the assignment of an integrated signature and a subcategory of the
models of the signature to a structure HL ∈ HL.

In the previous versionsof the framework in [EO01a, EOB+02b] instantiations
wereconsideredto assignonly singlemodelsto a high-level structure. Weextend
this to categoriesof models in order to be able to integrate techniqueswith loose
semantics.

Moreover, we can decouple integrated techniques, such as attributed graph
transformation or algebraichigh-level nets: In the original versionof the frame-
work, the data type algebra is �xed and included in the high-level structures
for such techniquesand the interpretation just choosesthis algebra. In contrast
to that, we would like to be able to leave the data type unspeci�ed, and assign
a category of models for all possiblealgebrasthat could be taken as the data
type.

De�nition 4.3.1 (In terpretation of High-Lev el Structures)
Given a classHL of high-level structures, an interpretation (Sig, Mod) of this
classin the framework of integrated signatures is given by two functions

Sig:HL → In tSig ,

assigningan integrated signature Sig(HL) to each high-level structure HL, and

Mod:HL → Cat ,

assigninga category Mod(HL) ⊆ Mod(Sig(HL)) to each high-level structure
HL.
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This very generic notion allows the integration of many kinds of modelling-
techniques. Sincewe only require a (syntactical) classof structures, it is possi-
ble to usethe framework to assigna formal semantics to semi-formal modelling
techniques. Of coursethe models assignedto a structure of the modelling tech-
nique should somehow be related to the \normal" semantics of the technique,
formal or semi-formal.

The idea of high-level constraints was intro duced in [EOB+02b]. A high-level
constraint w. r. t. an integrated signature � is a high-level structure HL with
a signature morphism from Mod(HL) to �, that is satis�ed for a model M , if
the restriction of M is a model of HL.

De�nition and Fact 4.3.2 (Logic of High-Lev el Constrain ts)
Given a classHL of high-level structures and an interpretation (Sig, Mod) for
this class, the logic of high-level constraints LCHL = (ConstrHL, |=) for this
interpretation is given by the constraints

ConstrHL(�) = { (HL, m) | HL ∈ HL, m: Sig(HL) → � } ,

the translations of constraints

f#(HL, m: Sig(HL) → �) = (HL, f ◦m: Sig(HL) → � ′) for f : � → � ′

and the satisfaction relation

M |= (HL, m) ⇐⇒ Restrm(M ) ∈Mod(HL) .

Pro of: We have to show the satisfaction condition:

For all f : � → � ′, (HL, m) ∈ Constr(�) and M ′ ∈Mod(� ′) we have:

M ′ |= f#(HL, m)
⇐⇒ (translation of high-level constraints, Def. 4.3.2)

M ′ |= (HL, f ◦m)
⇐⇒ (satisfaction relation for high-level constraints, Def. 4.3.2)

Restrf◦m(M ′) ∈Mod(HL)
⇐⇒ (restriction of integrated models, Def. 2.2.17)

Restrm(Restrf (M ′)) ∈Mod(HL)
⇐⇒ (satisfaction relation for high-level constraints, Def. 4.3.2)

Restrf (M ′) |= (HL, m)

�

We are able to translate high-level constraints along signature re�nements, if
we allow the morphism m in a constraint (HL, m) to be a re�nement instead
of a plain morphism and modify the satisfaction relation to usethe abstraction
functor Abstrm instead of Restrm.

In order to specify a systemby heterogeneousmodelling techniques,one has to
give an interpretation of each of the modelling techniques in the formal frame-
work. Then the sum of the corresponding logics of high-level constraints can be
usedto specify the system,whosestructure is given by an integrated signature.
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The morphism in a high-level constraint determines which part of the whole
system is speci�ed by the constraint.

Moreover, theselogicsof high-level constraints can be combined with somelow-
level constraints, which are for example useful for describing the interaction of
di�eren t high-level constraints.

4.3.2 CCS Process Algebra

In this subsectionwe will integrate the \Calculus of Communicating Systems"
(CCS) [Mil89], which is a processalgebra developed by R. Milner, into our
framework. A sketch of this integration for the original versionof the framework
was given in [EO01a].

Processalgebrasare means to reason about the behaviour of concurrent sys-
tems. Thesesystemsconsist of agents, which perform actions. Two agents can
synchronize on certain actions. In the CCS the approach is to have complemen-
tary actions, where an agent willing to perform an input action synchronizes
with an agent willing to perform the complementary output action.

In [Mil89] an in�nite setA of namesis assumed,input actions a are taken from
this set, and output actions, denotedby a, are taken from the corresponding set
of co-namesA. When synchronizing an action and its complementary action,
the name is forgotten and the synchronized action becomesτ , which is the
name for an arbitrary internal action, becausethe CCS is designedto deal with
external commnunications an does not needany information about the names
of internal actions.

In our framework, however, whole systems including their internal behaviour
are modelled. Therefore we still need the namesof synchronized actions and
choosean approach, wherewe havefor each namean input action ain, an output
action aout and an internal action aint. When we mean either of the three, we
will write ax.

For each agent of the system, there is an agent constant. For these constants

there has to be a de�ning equation A
def
= E with an agent expressionE, where

agent expressionsare built from action constants using action pre�xing ax.E for
an action ax, summation

P
i∈I Ei over an I-indexed set of expressions,compo-

sition E1|E2, restriction E \ L for a set L of namesand relabelling E[f ] for a
function f :A → A. This also includes 0 =

P
i∈∅ Ei, which speci�es an agent,

which is not able to perform any action.

In many casesCCS agents are speci�ed recursively and are not meant to ever
�nish, but a state where they can not perform any action is considereda \dead-
lock", which is in generalnot wanted. To useCCS agents to specify processes
of our framework, however, they need to have �nal states. At least an agent,
which is associated to a processhas to have �nal states. Here, we will just use
deadlocks as �nal states, making them wanted in casethe agent has completed
its task. In a re�ned version, one would probably want a way to distinguish
betweensuccesfullcompletion and unexpected deadlock, such as it is included
e.g. in LOTOS.

The semantics of CCS is de�ned in terms of labelled transition systemsLTS =
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(S, T,→), whereS is a set of states, T a set of transition labels and→ a family

of relations
t
→⊆ S × S for all t ∈ T .

In the caseof CCS the states are agent expressions,the transition labels are
the actions and the transition relations are de�ned by the inferencerules in Fig.
4.1.

Act
ax.E

ax−→ E
Sum j

Ej
ax−→ E′

jP
i∈I Ei

ax−→ E′
j

(j ∈ I)

Com 1
E

ax−→ E′

E|F
ax−→ E′|F

Com 2
F

ax−→ F ′

E|F
ax−→ E|F ′

Com 3
E

ain−→ E′ F
aout−→ F ′

E|F
aint−→ E′|F ′

Res
E

ax−→ E′

E \ L
ax−→ E′ \ L

(a /∈ L)

Rel
E

ax−→ E′

E[f ]
f(a)x
−→ E′[f ]

Con
E

ax−→ E′

A
ax−→ E′

(A
def
= E)

Figure 4.1: Inferencerules for the semantics of CCS

In the value-passingCCS calculus agent constants and actions can be parame-
terized by values. In [Mil89] these values are not given any sort, but since we
have sorts in our framework, we allow them for CCS as well.

Agent expressionsare modi�ed, so that they input actions ain(x1, . . . , xn) are
parameterizedwith variables, to which they assignthe valuesof the parameters
of the corresponding output actions, when the transition occurs,and output ac-
tions aout(t1, . . . , tn) are equipped with terms, whoseevaluations are conversely
assignedto the variablesof the corresponding input action. Parameterizedcon-
stants are equipped with variables on the left-hand side of de�ning equations,
expressingthat theseagent gets the variables when initialized, and with terms,
if they are used on the right-hand side, determining the values that are given
to the recursively usedagent.

The terms used in output actions and recursive calls of agent constants may
only contain variables, which were de�ned by the parametersof the constant or
by previous input actions.

Additionally a sort bool with someoperations returning it is assumedand ex-
pressionscan contain conditionals if b then E expressingthat the agent can
behave like the expressionE if the boolean expressionb, also containing only
previously de�ned variables, evaluates to true.

We assumea CCS speci�cation, that is to be interpreted in the framework to
consistof a signature for the values,that are to be passedby actions, a signature
for the action nameswith sorts for each action, that determine the sorts of the
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valuespassedby that action, and a set of de�ning equations,whereoneor more
of the agents are marked to be interpreted as the processes.

The integrated signature for such a speci�cation integrates the value signature
on the data type layer, the action namesas transformation symbols, where the
value sorts are interpreted as input parameters,and the marked agent constants
as processsymbols with the parametersof the constant as input parameters.

The integrated models of such a system are given by an arbitrary total data
type for the value signature, one single data state, since there are no dynamic
sorts and operations, and transformations having transformation steps on the
one data state for all possibleparameter assignments.

On the processlayer the interpretation of the CCS semantics is done, where
the RSTS is the part of the LTS of CCS reachable from the agent constant,
interpreted as graph. Processesare then given for all possible parameter as-
signments by occurrencesmapping the edgesof the LTS to transformation sets
containg just the one transformation step corresponding to the action and the
given parameters.

We are not able to formulate the synchronization of such a process,which still
contains unsynchronized input and output actions, with other processesin the
framework now, becausewe did not include a possibility to let high-level con-
straints interact with each other. They are totally unaware of the environment,
in which the signature of the constraint is embedded by the morphism of the
constraint.

4.3.3 Attributed Graph Transformation

In this subsectionwe will adopt the interpretation of attributed graph transfor-
mation [ELO95] intro duced in [EO01a] and re�ned in [Ehr01] to our modi�ed
version of the framework.

First we will shortly intro ducethe basicnotions of attributed graphsand graph
transformation rules and rule applications, which will be interpreted as data
states, transformations and transformation steps,respectively. For this, we �rst
need the notion of graph signatures, which de�ne the structure of attributed
graphs.

De�nition 4.3.3 (A ttributed Graph Signature)
An attributed graph signature is a triple

(ASig, GSig, Attr)

consisting of

• an attribute signature ASig = (SA, OpA, dom, cod), which is just an ordi-
nary algebraic signature,

• a graphical signature GSig = (SG, OpG, dom, cod), where SG is a set of
symbols for sorts of graphical elements and OpG a set of symbols for con-

nections with dom: OpG → SG and cod: OpG → SG, i. e. all connections
are unary, and
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• an attributation signature Attr = (OpAttr , dom, op), which is a set OpAttr

of attributations with dom: OpAttr → SG and cod: OpAttr → SA.

Now an attributed graph contains a (total) algebra for the attribute signature.
For the graphical signature a graph consisting of setsof graphical elements and
connections,being total functions betweengraphical element sets, is included.
The attributation signature is interpreted by total assignments of elements of
the attribute algebra to the elements of the graph.

Each graphical sort, which is in the domain of a connectionsymbol can be seen
as a kind of edge,where edgesnot only relate two nodes, but can connect an
arbitrary number of nodesand edges.

De�nition 4.3.4 (A ttributed Graph)
An attributed graph for a given attributed graph signature (ASig, GSig, Attr)
is a triple

G = (GA, GG, GAttr)

consisting of

• an (total) attribute algebra GA ∈ Alg(ASig),

• a graph, which is a (total) algebra GG ∈ Alg(GSig) and

• a family GAttr = (attrG: GG,dom(attr) → GA,cod(attr) of (total) attributa-
tions.

To relate attributed graphs we intro duce attributed graph homomorphisms,
which expressthe relations between the attribute as well as the graph part of
an attributed graph.

De�nition 4.3.5 (A ttributed Graph Homomorphism)
Given two attributed graphsG and H for the sameattributed graph signature,
an attributed graph homomorphism is a pair

h: G→ H = (hA: GA → HA, hG: GG → HG)

consisting of algebra homomorphisms,which are compatible with the attribu-
tations, i. e. ∀attr ∈ Attr: hA,cod(attr) ◦ attrG = attrH ◦ hG,dom(attr) (seeFig.
4.2).

GG,dom(attr)

hG;dom ( attr )//

attrG

��
(=)

HG,dom(attr)

attrH

��
GA,cod(attr)

hA;cod ( attr )

//HA,cod(attr)

Figure 4.2: Attributed graph homomorphisms
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Graph transformation rules are meansto specify the manipulation of the graph
structure and the attributation of attributed graphs. They use the double-
pushout approach to transformation of structures, where a rule is given by a

span (L l
← K

r
→ R).

In order to be generic w. r. t. the attribute algebra, we assumea rule to have
an associated family of variables X over the attribute signature and the at-
tributed graphsof the rule to contain the term algebrawith variablesTASig(X)
as attribute algebra.

De�nition 4.3.6 (Graph Transformation Rule)
Given an attributed graph signature (ASig, GSig, Attr), a graph transformation

rule is a tuple

r = (X, L
l
← K

r
→ R)

consisting of

• a family X = (Xs)s∈SA of variables over the attribute signature,

• three attributed graphs L, K and R with LA = KA = RA = TASig(X)
and

• two injective attributed graph homomorphisms l and r with lA = rA =
idTAS ig (X).

A rule can be applied to a graph G, if for a given match mL: L → G the
pushout complement C w. r. t. l exists. Then the result H of the application is
constructed as the pushout of C and R over K. This application has the e�ect,
that the elements of L\ l(K) are deletedand the elements of R\r(K) are added
to the graph.

For the attribute part, a rule can be applied to a graph with an arbitrary
attribute algebra GA, where the matchesfor the attribute part are given by an
evaluation asg w. r. t. an assignment asg: X → GA and the application of the
rule leavesthe algebra unchanged(up to isomorphism).

De�nition 4.3.7 (Rule Application)
Given a graph transformation rule r and an attributed graph homomorphism
mL: L → G from the left-hand side of the rule into an attributed graph G, the
rule can beapplied to G w. r. t. mL, if the pushout complement C, calledcontext

graph, in the left part of Fig. 4.3 exists. The result of the application is the
pushout graph H in the right part of Fig. 4.3. This derivation step is written
as G

r,mL=⇒ H .

In the literature a transformation system is normally de�ned as a set of rules
with a start graph. Sinceon the one hand we want to interpret graph transfor-
mation exclusively on the transformation layer and have no way of interpreting
the start graph here, and on the other hand a start graph would �x the at-
tribute algebra, becauseour rules cannot change it, we do not include a start
graph here.
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L

mL

��
(PO)

K

mK

��

loo r //

(PO)

R

mR

��
G C

l0
oo

r0
//H

Figure 4.3: Application of a rule

Thus, a graph transformation systemis just an attributed graph signature with
a set of rules over that signature.

De�nition 4.3.8 (Graph Transformation System)
A graph transformation systemGTS is given by an attributed graph signature
(ASig, GSig, Attr) and a set Rules of graph transformation rules w. r. t. this
signature. We denote by GT S the classof all graph transformation systems.

Now attributed graph transformation systemscan be interpreted in our frame-
work. The integrated signature for a graph transformation systemcontains the
attribute signature on the data type layer and the union of the attribute, graph-
ical and attributation signature on the data state layer. On the transformation
layer there is a transformation symbol or each rule.

The variables for these transformation symbols shall be used to represent the
match morphisms. Hencewe choosefor the input parametersa variable of the
corresponding sort for each graphical element of L and all variables of X used
in attributations of the left hand side. For the output parameters we include
a variable for each graphical element of R, which is not already present in L,
and the variables of X usedin the attributations of R and not contained in the
input parameters.

This construction of the parameters is chosen,becausethis way the input pa-
rameters concernthe elements, which are determined by the graph to be trans-
formed, while the output parameters are used for elements whosematchescan
be freely chosen.

De�nition 4.3.9 (In tegrated Signature of a GTS)
Given a graph transformation system GTS ∈ GT S consisting of the attributed
graph signature (ASig, GSig, Attr) and the set Rules of graph transformation
rules, the integrated signature Sig(GTS) consistsof

• the data type signature Sig(GTS)DT = ASig,

• the data state signature Sig(GTS)DS = ASig ]GSig ] Attr and

• the transformation signature (Sig(GTS)Tr, in, out), where Sig(GTS)Tr

contains a transformation symbol r for each rule r = (X, L
l
← K

r
→ R) ∈

Rules with

in(r)gs = LG,gs for each gs ∈ SG,
in(r)as = V ar(LAttr)as for each as ∈ SA,
out(r)gs = RG,gs \ rG,gs(KG,gs) for each gs ∈ SG and
out(r)as = V ar(RAttr)as \ V ar(LAttr)as for each as ∈ SA.
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Here V ar(GAttr) denotesthe variables occuring in the attributations:

V ar(GAttr) =
[

attr∈OpAttr

[

x∈GG;dom ( attr )

V ar(attrG(x))

The processsignature of Sig(GTS) is empty.

The integrated models for a graph transformation systemare all models, where
the data type is a total algebra, the data states are also total and the transfor-
mation stepscorrespond to rule applications. We require the data state model
to contain all possiblegraphs and attributations to guarantee that a transfor-
mation step exists for each corresponding rule application.

Sincepushouts and pushout complements are only unique up to isomorphism,
rule applications can normally perform arbitrary renamings on the graphical
elements. In order to be compatible to instantiations, which rely on the iden-
tit y of elements of the data states, who are meant to be identical, we restrict
this to allowing only transformations whereno renamingsoccur, i. e. the homo-
morphisms l′ and r′ in Fig. 4.3 are inclusions instead of injections, which are
allowed in general.

De�nition 4.3.10 (In tegrated Mo dels of a GTS)
Given a graph transformation system GTS and its corresponding integrated
signature Sig(GTS), the model category Mod(GTS) ⊆ Mod(Sig(GTS)) of
GTS consistsof all models M for which

• the data type MDT is a total algebra,

• the data state model MDS consistsof all total algebrasextending the data
type, i. e.

MDS = {A ∈ Alg(Sig(GTS)DS) | A|Sig(GTS)D T = MDT } ,

• the transformations rM contain all transformation expressionsrA,B(a, b),
for which A

r,mL=⇒ B with mL given by the variable assignments in a and
b and the node mapping of a, where l′ and r′ in the double-pushout are
inclusions, and the node mapping of b is the sameas in mR.
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Example

In this chapter we will seea more exhaustive exampleof a systemspeci�ed with
an architecture consistingof unions and re�nements of integrated speci�cations.
The modelled system will be a cryptographic infrastructure with a centralized
trustcenter, from which public keys of participants can be obtained.

We will outline the step-wisedevelopment of the system by re�nement, where
we start with an abstract speci�cation in Section5.1, which just statesthe basic
requirements of a system with hosts exchanging messages.

This speci�cation is re�ned by intro ducing encryption of the messageswith
an asymmetric cryptographic algorithm in Section 5.2, where an infrastructure
with a trustcenter, from which the keysof other hosts are obtained, is speci�ed
by a CCS high-level constraint. The algorithm, however, is left genericand only
speci�ed by abstract requirements.

In Section 5.3 the structure of the communication net is intro duced by making
the hosts a dynamic sort with links betweenthem and specifying the behaviour
of the communication medium with attributed graph transformation.

The cryptographic algorithm is re�ned in Section 5.4 by the use of the RSA
algorithm, which is speci�ed by an algebraic speci�cation.

Possiblechangesto the net structure are speci�ed with the use of attributed
graph transformation in Section 5.5. The union of this speci�cation with the
speci�cation from Section 5.4 yields the speci�cation of the systemas far as we
want to go into detail.

5.1 Basic Requiremen ts

The signatureof the basicrequirements speci�cation Requ in Figure 5.1provides
an abstract view of the communication system. There are two static sorts host,
representing the communicating hosts, and content, representing the possible
content of messagesto exchange. The operation received is meant to assign
to each host the last received message.Finally, the transformation message is
supposedto mean the transmission of a messagewith the content in the cont

82



CHAPTER 5. EXAMPLE

data type:
sorts: host, content
data state:
opns: received: host→ content
trafos: message(from, to: host, cont: content; λ)

Figure 5.1: Signature of Requ

parameter from the host denoted by the from parameter to the host denoted
by the to parameter.

pre-post: For message:
received@post(to) de�ned
received@post(to) = cont

Figure 5.2: Constraint for Requ

The only constraint is the pre-post constraint for message in Figure 5.2, stating
that after a message transformation step the value of received for the receiving
host shouldbe de�ned and the sameasthe cont parameterof the transformation
step.

5.2 Abstract Asymmetric Encryption

data type:
sorts: host, plain, cipher, pubkey, seckey, keypair
opns: pub: keypair→ pubkey

sec: keypair→ seckey
enc: pubkey plain→ cipher
dec: seckey cipher→ plain

data state:
opns: kp: host→ keypair

received: host→ plain
trafos: send(from, to: host, pln: plain; λ)

recv(from, to: host, pln: plain; λ)
rqu(from, to: host; λ)
rpl(from, to: host, pk: pubkey; λ)
crpsend(from, to: host, cph: cipher; λ)
crprecv(from, to: host, cph: cipher; λ)

procs: message(from, to: host, cont: plain; λ)

Figure 5.3: Signature of AbstrEncr

Now we want to intro duce the encryption of messagesduring transmission. In
the signature of the re�ned speci�cation AbstrEncr, shown in Figure 5.3, the
sort host is preserved, while the sort content is renamedto plain to distinguish
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plaintexts from the newly intro duced ciphertexts in sort cipher. The codomain
of the dynamic operation received is altered accordingly. The transformation
message is re�ned by a processwith the samename.

Thus, the signature re�nement enc: Requ  AbstrEncr is given by enc(host) =
host, enc(content) = plain, enc(received) = received and enc(message) =
message.

The static sorts keypair with assignedpublic keys in sort pubkey and secret
keys in sort seckey and the static operations enc and dec for encryption and
decryption are newly intro duced. The new dynamic operation kp shall assign
keypairs to hosts. It is dynamic in order to allow changesto the net in subse-
quent re�nement steps. The various transformations will serveasatomic actions
for the CCS constraint below.

condequ: For all kp: keypair, m: plain:
dec(sec(kp), enc(pub(kp), m)) de�ned
dec(sec(kp), enc(pub(kp), m)) = m
For all h: host:
kp(h) de�ned

pre-post: For recv:
received@post(to) de�ned
received@post(to) = pln

CCS: enc() = sendin(from, to, pln).
rquout(from, to).
rplin(from, to, pk).
crpsendout(from, to, enc(pk, pln)) .
enc()

trust() = rquin(from, to).
rplout(from, to, pub(kp(to))) .
trust()

medium() = crpsendin(from, to, cph).
crprecvout(from, to, cph).
medium()

dec() = crprecvin(from, to, cph).
recvout(from, to, dec(sec(to), cph)) .
dec()

crpmedium() = ( enc() | trust() |
medium() | dec() )\
{rqu, rpl, crpsend, crprecv}

message(from, to, cont) = ( sendout(from, to, cont).
recvin(from, to, cont).0 |
crpmedium() )\
{send, recv}

Figure 5.4: Constraints for AbstrEncr

The �rst constraint in Figure 5.4 is an equation stating the requirement that
decryption is the inverseof encryption for the keypairs. Note that the de�ned-
nessconstraint for dec(sec(kp), enc(pub(kp), m)) implies de�nednessof all of the
parts of the term, especially pub(kp), sec(kp) and enc(pub(kp), m). Moreover,
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each host is required to have an associated keypair.

The secondconstraint is a pre-post constraint on the transformation recv, stat-
ing that the plain text in pln shall be stored in received(to) after a recv transfor-
mation step. This is corresponding to the pre-post constraint on message in the
basic speci�cation. Together with the following CCS constraint the translation
of the message constraint is implied.

Finally, the CCS constraint describeshow the transmission of messagesis real-
ized by encryption and decryption agents enc and dec, a medium medium and
a trustcenter trust.

The encryption agent begins with a send input action. It then requests the
public key of the recipient using a rqu output action, gets the answer in a rpl
input action and, �nally , sends the encrypted messageto the medium via a
crpsend output action.

The decryption agent is triggered by a crprecv input action and just decrypts
the messageand forwards it with a recv output action. It is assumedthat the
dec() agent acts on behalf of the receiving host and therefore has direct access
to the secretkey.

The medium just gets an encrypted messagewith a crpsend input action and
forwards it to the receiver with a crprecv output action. The trustcenter answers
to rqu input actions with the public key of the receiver in a rpl output message,
so that the encryption agent doesnot have to know the public keysof all hosts.

These four agents are parallelized to form the encrypted medium crpmedium,
which is then used to specify the message processby parallelization with a
control agent doing the send action of the senderthe recv action of the receiver
and then terminating.

recv

trust()

dec()enc()

rplrqu

insend outmedium()crpsend crprecv

Figure 5.5: Agents in the CCS constraint for AbstrEncr

The interconnectionsof the agents in crpmedium are depicted in Figure 5.5.

The signature re�nement enc: Requ  AbstrEncr is a proper speci�cation re-
�nement, becausethe three constraints above imply the translation of the pre-
post constraint for message, which is identical to the original constraint (except
the translation of the sort of the cont parameter), sincepre-post constraints can
also be attached to processes.
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5.3 Net Structure and Comm unication

In this section we want to re�ne the static hosts by a dynamic net structure
and specify the communication betweenhosts, i. e. what happens betweenthe
crpsend and the crprecv transformations in the message processor, more pre-
cisely, in the medium agent.

We capture this formally by a re�nement of the subsignature AbstrNet of
AbstrEncr, whereAbstrNet consistsof the sorts host and cipher and the trans-
formations crpsend and crprecv.

data type:
sorts: cipher
data state:
sorts: host, envelope, link,

sender, receiver, location
opns: cntnt: envelope→ cipher

lnksrc: link → host
lnktrg: link → host
sndsrc: sender → host
sndtrg: sender → envelope
rcvsrc: receiver → envelope
rcvtrg: receiver → host
locsrc: location→ envelope
loctrg: location→ host

trafos: crpsend(from, to: host, cph: cipher; env: envelope,
snd: sender, rcv: receiver, loc: location)

crprecv(from, to: host, cph: cipher, env: envelope,
snd: sender, rcv: receiver, loc: location; λ)

pass(curr, next: host, cph: cipher, env: envelope,
lnk: link, loc: location; loc′: location)

Figure 5.6: Signature of DynNet

In the re�ned signature DynNet in Figure 5.6, which is supposed to be the
signatureof a setof attributed graph transformation rules, the sort host becomes
a dynamic sort of nodes, which are connected by edgesof sort link. In this
section we assume, that the hosts form a ring, which is ensured by the net
structure changesin Section 5.5 and equational constraints below.

Moreover, a secondnode sort envelope is intro duced,which represents messages
being in transit between two hosts, where the ciphertext being transmitted is
kept in the cntnt-attribute. An envelope is connected to the sender and the
receiver of the messageby edgesof sort sender and receiver respectively, and
to the current location of the messageby edgesof sort location.

For the transformation symbols crpsend and crprecv additional parametersfor
the new graphical elements are added to the signatures. The passingof a mes-
sageis represented by the transformation pass.

The signature re�nement dyn: AbstrNet  DynNet is given by dyn(host) =

86



CHAPTER 5. EXAMPLE

host, dyn(cipher) = cipher, dyn(crpsend) = crpsend and dyn(crprecv) =
crprecv. It is not a signature morphism becauseof host becoming dynamic
in DynNet.

condequ: For all l1, l2: link:
lnksrc(l1) = lnksrc(l2)→ l1 = l2
lnktrg(l1) = lnktrg(l2)→ l1 = l2

Figure 5.7: Equational Constraints for DynNet

The two equational constraints in Figure 5.7 ensurethat for each host there is
at most one incoming and at most one outgoing link. Note, that the follow-
ing attributed graph transformation constraint implies that all of the dynamic
operations are total functions. We are not able to formulate by equational con-
straints the requirements, that there exists an incoming and an outgoing link
for each host and that they form just one ring, unconnectedhosts or disjoint
rings of hosts are still possible.

next next next

toto to

to to to

cph
env

env

env env env

cph

cph cph cph

host: envelope: cntnt

location: link:

snd rcv

snd rcv

loc

locfrom

from from

from

from

Nodes:

Edges:

crpsend:

crprecv:

L: K: R:

L: K: R:

pass:
L: K: R:

from

loc loc’curr curr curr

sender, receiver:

lnk lnk lnk

Figure 5.8: AGT constraint for DynNet

The attributed graph transformation rules in Figure 5.8 specify the transforma-
tions crpsend, crprecv and pass. The transmission of messagesis realized by
envelopes,which are created at the location of the sendinghost by applications
of the crpsend-rule and can be consumedby applications of the crprecv-rule, if
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the envelope is located at the receiving host. The transmission itself is achieved
by subsequent applications of the pass-rule, which moves the envelope along
one direct link betweenhosts.

5.4 RSA Algorithm

Now, we will re�ne the encryption of messagesto use the well-known RSA
algorithm. This re�nement is mostly independent of the re�nement of the net
structure in the last section. We choose to embed the re�nement of the net
structure into this re�nement. Hence, we get the speci�cation architecture in
Figure 5.9.

DynNet

Requ

AbstrEncr

RSAEncr

AbstrNet
enc

dyn

rsa

Figure 5.9: Architecture of the speci�cations

The RSA algorithm is based on exponentiation modulo a product n of large
prime numbers p and q. Its security depends on the fact, that factorization is
not e�cien tly possiblefor large prime factors, which are neededto calculate the
inversefor the exponentiation. The public exponent e has to be relatively prime
to φ(n), where φ is Euler's phi function given for a product of two primes by
φ(pq) = (p− 1)(q − 1). The private exponent d has to satisfy gcd(ed, φ(n)) = 1
to be the inverse for exponentiation modulo n. Now encryption of a natural
number m into a ciphertext c is done by c = me mod n, and decryption by
m = cd mod n.

Sincetheseare operations on natural numbers,we �rst needthe speci�cation of
the neededoperations in Figure 5.10. The constant zero, the successoroperation
succ, addition add, multiplication mul and exponentation pow are de�ned as
usual for algebraic speci�cations. Moreover, we need a predicate lt for \less
than", a predecessorpred, the remainder mod, the greatest common divisor
gcd, which is speci�ed by the equations underlying Euclid's algorithm, and a
predicate prime.

The signature of RSAEncr in Figure 5.11 is a combination of DynNet and
AbstrEncr on the data state, transformation and processlayers. On the data
type layer additional selectoroperations for keypairs, public and secretkeysare
added, which represent the parametersof the algorithm.
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NAT =
sorts: nat
opns: zero:→ nat
condequ: zero de�ned
opns: succ: nat→ nat
condequ: For all n: nat:

succ(n) de�ned
opns: add: nat nat→ nat
condequ: For all n1, n2:nat:

add(n1, n2) de�ned
add(n1, zero) = n1
add(n1, succ(n2)) = succ(add(n1, n2))

opns: mul: nat nat→ nat
condequ: For all n1, n2:nat:

mul(n1, n2) de�ned
mul(n1, zero) = zero
mul(n1, succ(n2)) = add(mul(n1, n2), n1)

opns: pow: nat nat→ nat
condequ: For all n1, n2:nat:

pow(n1, n2) de�ned
pow(n1, zero) = succ(zero)
pow(n1, succ(n2)) = mul(pow(n1, n2), n1)

opns: lt: nat nat→ λ
condequ: For all n1, n2, n3:nat:

lt(n1, succ(n1))
lt(n1, n2), lt(n2, n3)→ lt(n1, n3)

opns: pred: nat→ nat
condequ: For all n: nat:

lt(zero, n) → pred(n) de�ned
pred(succ(n)) = n

opns: mod: nat nat→ nat
condequ: For all n1, n2:nat:

lt(zero, n2)→ mod(n1, n2) de�ned
lt(n1, n2)→ mod(n1, n2) = n1
mod(add(n1, n2), n2) = mod(n1, n2)

opns: gcd: nat nat→ nat
condequ: For all n1, n2:nat:

gcd(n1, n2) de�ned
gcd(n1, zero) = n1
gcd(n1, n2) = gcd(n2, mod(n1, n2))

opns: prime: nat
condequ: For all n1, n2:nat:

prime(n1)→ gcd(n1, n2) = succ(zero)

Figure 5.10: Speci�cation for natural numbers NAT
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data type: NAT+
sorts: plain, pubkey, seckey, keypair
opns: pub: keypair→ pubkey

sec: keypair→ seckey
minn:→ nat
p: keypair→ nat
q: keypair → nat
n: keypair→ nat
e: keypair→ nat
d: keypair → nat
pubn: pubkey→ nat
pube: pubkey→ nat
secn: seckey→ nat
secd: seckey → nat
encode: plain→ nat
decode: nat→ plain

data state:
sorts: host, envelope, link,

sender, receiver, location
opns: kp: host→ keypair

received: host→ plain
cntnt: envelope→ cipher
lnksrc: link → host
lnktrg: link → host
sndsrc: sender → host
sndtrg: sender → envelope
rcvsrc: receiver → envelope
rcvtrg: receiver → host
locsrc: location→ envelope
loctrg: location→ host

trafos: send(from, to: host, pln: plain; λ)
recv(from, to: host, pln: plain; λ)
rqu(from, to: host; λ)
rpl(from, to: host, pk: pubkey; λ)
crpsend(from, to: host, cph: cipher; env: envelope,

snd: sender, rcv: receiver, loc: location)
crprecv(from, to: host, cph: cipher, env: envelope,

snd: sender, rcv: receiver, loc: location; λ)
pass(curr, next: host, cph: cipher, env: envelope,

lnk: link, loc: location; loc′: location)
procs: message(from, to: host, cont: plain; λ)

Figure 5.11: Signature of RSAEncr
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Since the RSA algorithm operatesmodulo n, only numbers lessthan n can be
encrypted. We give a constant minimum for this number, represented by minn,
and an encoding and a decoding operation, which shall translate plaintexts to
numbers lessthan minn.

The enc and dec operations of AbstrEncr are not included, becausethe re�ne-
ment rsa: AbstrEncr  RSAEncr assignsencryption and decryption to the
operations of the RSA algorithm. This re�nement is given by

enc(pk, m) 7→ mod(pow(encode(m), pube(pk)) , pubn(pk)) and
dec(sk, c) 7→ decode(mod(pow(c, secd(sk)) , secn(sk))) ,

where the sort cipher is mapped to nat.

condequ: minn de�ned
For all m: plain:
decode(encode(m)) de�ned
decode(encode(m)) = m
lt(encode(m), minn)
For all kp: keypair, pk: pubkey, sk: seckey:
p(kp), q(kp), n(kp), e(kp), d(kp), pub(kp), sec(kp) de�ned
pubn(pk), pube(pk), secn(sk), secd(sk) de�ned
pubn(pub(kp)) = n(kp)
pube(pub(kp)) = e(kp)
secn(sec(kp)) = n(kp)
secd(sec(kp)) = d(kp)
prime(p(kp)) , prime(q(kp))
n(kp) = mul(p(kp), q(kp))
lt(minn, succ(n(kp)))
gcd(e(kp), mul(pred(p(kp)) , pred(q(kp)))) = succ(zero)
gcd(mul(e(kp), d(kp)) , mul(pred(p(kp)) , pred(q(kp)))) =

succ(zero)
For all h: host:
kp(h) de�ned

pre-post: For recv:
received@post(to) de�ned
received@post(to) = pln

Figure 5.12: Constraints for RSAEncr

Now, the �rst four constraints for RSAEncr in Figure 5.12 ensurethat minn
is de�ned and that encoding and decoding with encode and decode works prop-
erly and results in natural numbers less than minn. Next, all components of
keypairs, public and secretkeysare required to be de�ned and the components
of public and secret keys are speci�ed to be the corresponding components of
the keypair. The next six constraints ensurethe properties given above for key-
pair components. At last, the equational constraint requiring all hosts to have
associated keypairs and the pre-post constraint specifying the e�ect of the recv
transformation on the dynamic received operation, which were both already
present in AbstrEncr, are repeated.
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Moreover, the CCS constraint from Section 5.2 and the AGT constraint from
Section 5.3 have to be translated via the re�nement rsa and the inclusion into
RSAEncr, wherewe can leave the CCS speci�cation and the AGT rules asthey
are and just have to composethe re�nements and morphisms respectively.

5.5 Net Structure Changes

In this section we add the possibility to changethe dynamic net structure from
Section 5.3. This is formalized in an extensionChangeNet of the speci�cation
DynNet. The whole system speci�ed so far can be achieved by the union
of RSAEncr and ChangeNet over DynNet as depicted in Figure 5.13. We
will not give the speci�cation of the union explicitly here, becauseit is just a
combination of the speci�cations RSAEncr and ChangeNet.

DynNet

Requ

AbstrEncr

RSAEncr

AbstrNet

ChangeNet

System

enc

dyn

rsa

Figure 5.13: Architecture of the speci�cations

The enhancedsignature of ChangeNet in Figure 5.14has two additional trans-
formation symbols addhost, which is supposedto insert new hosts into the ring,
and delhost, which shall remove hosts from the ring. These are again meant
to represent AGT rules and therefore include parametersfor all hosts and links
a�ected by the change.

The constraints of ChangeNet are the sameas in DynNet with the additional
rules in Figure 5.15. These rules ensure that the ring structure is preserved,
when a host is added or deleted.

Note, that the last host cannot be removed, becausethe delhost rule is not
applicable, if no host remains after the deletion. Likewise, there has to be at
least one host with a link to itself in the ring initially , becausethe addhost rule
needsa link to be replacedby the new host.
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data type:
sorts: cipher
data state:
sorts: host, envelope, link,

sender, receiver, location
opns: cntnt: envelope→ cipher

lnksrc: link→ host
lnktrg: link→ host
sndsrc: sender → host
sndtrg: sender → envelope
rcvsrc: receiver → envelope
rcvtrg: receiver → host
locsrc: location→ envelope
loctrg: location→ host

trafos: crpsend(from, to: host, cph: cipher; env: envelope,
snd: sender, rcv: receiver, loc: location)

crprecv(from, to: host, cph: cipher, env: envelope,
snd: sender, rcv: receiver, loc: location; λ)

pass(curr, next: host, cph: cipher, env: envelope,
lnk: link, loc: location; loc′: location)

addhost(h1, h2:host, lnk: link; new: host, l1, l2: link)
delhost(h1, h2, host: host, l1, l2: link; lnk: link)

Figure 5.14: Signature of ChangeNet

L: K: R:
lnk

addhost:

h1 h2 h1 h2 h1 h2l1 l2

delhost:
L: K: R:

h1 l1 l2 h2 h1 h2

lnk

h1 h2

host

new

Figure 5.15: AGT constraint for ChangeNet
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Conclusion

In this report we have given a formal framework for the integration of data type,
state transformation and processaspects of systems, in which heterogeneous
modelling techniquescan be usedto constrain di�eren t parts of systems.

We will now give someremarks on related work and future perspectives.

Our framework, as the one in [EO01a] it is based on, is strongly related to
the transformation systemsof Gro�e-Rho de in [GR01]. Transformation systems
contain a transition graph, similar to our RSTSs, that are interpreted in a data
spaceconsisting of partial algebrasas nodes and action sets as labels, similar
to our DSTS. The di�erences to our framework are, that a system is described
by a single transition graph and the data spaceis not constrained in any way,
and, thus, contains all partial algebrasand all possibleaction sets. Moreover,
no static data type is distinguished.

For transformation systems an amalgamation of transition graphs is de�ned,
which usessynchronization relations to determine, which states should be iden-
ti�ed and which transitions synchronized. Thus, this amalgamation allows the
structure of transition graphsto be constructed out of smaller transition graphs.
This construction could be adopted to our framework in future work.

The concept of re�nements could be used as transformations in the senseof
[EOB+02a, EOB+02b] to de�ne a transformation semantics, where transforma-
tion semantics is a concept for a purely syntactic semantics of speci�cations
de�ned by all possibletransformations. By de�ning an extensionof re�nements
along inclusions this would yield a re�nement-based component concept as an
instantiation of the transformation-based component concept in [EOB+02a],
which would be an alternativ e to the transformation-based component concept
for integrated speci�cations given in [EOB+02a].

Finally, a further point of future work could be the de�nition of constructive
morphisms like in [EO01b], which would yield the possiblity of parameterized
integrated speci�cations, wherea model of the body speci�cation is constructed
from the parameter speci�cation.

Theseconstructive morphisms would give the possibility to de�ne components
in the senseof [EO01b], which were inspired by the algebraicspeci�cation mod-
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ules of [EM90], where the semantics of a component is a construction along a
constructive import morphism, followed by a restriction or abstraction along an
export morphism or re�nement.
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