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Abstract

The aim of this report is to presert a formal framework for the integration of
heterogeneousnodelling techniques. This framework is basedon the integration
paradigm for data type and processmodelling techniquesby Ehrig and Orejas.

This speci cation frame, consisting of integrated signaturesand models, is used
as common syntax and sematrtics for the heterogeneougechniques. The con-
ceptsare divided into layersfor static parts, dynamic state spacesand processes.

As structuring conceptsunion over common subparts and re nement are intro-
duced.

For the speci cation of properties the abstract concept of logics of constraints
is used. As examplesof constraints conditional equations and pre- and post-
conditions of state transformations are de ned.

The integration of modelling techniques is also done in terms of constraints.
More precisely speci cations from heterogeneoudechniques are consideredas
so-calledhigh-level constraints, which specify certain parts of the system.
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Chapter 1

In tro duction

The aim of this report is to present a framework for the integration of hetero-
geneousmodelling techniques. For this purposea common formal syntax and
semariics is de ned, which is basedon the formal framework for the integration
of data type and processmodelling techniques by Ehrig and Orejas, presened
in [EOO1a EOO01b, EOB*02h).

This framework divides systemsinto layers, which re ects the di erent roles of
static parts, staying the same over the whole lifetime of the system, dynamic
data states and transformations, describing the state spaceof the system, and
processedn these state spaces.

Transformations have a local avour, they just transform one data state into
another one, without assuming other transformations to happen in advance
or to follow. In cortrast to that, processesdescribe the possibleinteractions
of transformations, by assigningan interpretation in the state spaceto whole
transition systems.

A large classof heterogeneousnodelling techniques can be interpreted in this
framework, asalready shawvn in [EO01g. Sud interpretations de ne a semartics
for the speci cations of the techniquesin terms of classesof integrated models
satisfying the speci cation.

These interpretations are usedto de ne \high-level" constraints on integrated
signatures by adding the information, how the parts described by the speci -
cation can be found in the integrated signature. This leadsto the possibility
of combining speci cations from di erent modelling techniques, which describe
di erent parts of an integrated system.

For example, class diagrams could be used to describe the structure of the
data type and the data states, algebraic speci cations with initial semartics
can describe the static operations of a system, rule-basedapproacdhes, such as
graph transformation, can specify the e ect of transformations and techniques
with operational semartics, de ned in terms of transition systemsor related
structures, can be interpreted to de ne processe®f a system.

The report is organized as follows:

In Chapter 2 integrated signaturesand modelsare intro ducedasa formal frame-
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work constituting the common syntax and semartics. Moreover, the relations
betweendi erent signatures and models of them are captured in terms of sig-
nature morphisms and model restrictions.

In Chapter 3 structuring conceptsfor integrated signatures are examined. The
union of signatures over a common subpart leadsto the amalgamation of cor-
responding models, while the re nement of more abstract signatures by more
concrete onesleadsto the possibility of abstracting models of the concrete sig-
nature to becomemodels of the abstract one.

In Chapter 4 logics of constraints are introduced as meansto specify proper-
ties of systems. As examplesof \lo w-level" constraints conditional equations
and pre- and post-conditions for transformations are preseried. Moreover the
concept of \high-lev el constraints" is explained. As examplesof high-level con-
straints, CCS processesand algebraic graph transformation are examined.

In Chapter 5 a larger example of a messagesystemwith asymmetric encryption
is speci ed using the techniques developed in the report.

Finally, in Chapter 6 someremarks on related work and future perspectives
concludethe report.
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This work is partially supported by the DFG researt project \Researcher Group
Petri-Net-T echnology" and the DFG project IOSIP within the priority pro-
gramme \In tegration of Software Speci cation Tedniques for Applications in
Engineering".



Chapter 2

Formal Framew ork

In this chapter we will introduce the formal framework, which shall be used
asa common syntax and semartics for di erent kinds of modelling techniques.
This framework is a modi cation of the framework for the integration of data
type and processmodelling techniques proposedin [EO01g and elobarated in
[EOO01b, EOB*02b].

Systemscan be divided into four layersintroducedin [EO98]:

1. Data Types: This layer cortains the static parts of a systemin terms of
data valuesand operations on them.

2. Data States and Transformations: On this layer the dynamic behaviour
of a systemis captured. There are a classof data states the system can
be in and transformations betweenthese states.

3. ProcessesThe reactive states and transitions are subject of this layer. It
is usedto model how transformations can be composedin the system.

4. System Architecture: On this layer meansfor structuring system descrip-
tions are intro duced.

The framework of this chapter will deal with the rst three layers, wherein the
following we will divide the secondlayer into a data state and a transformation
part. The fourth layer is addressedby the structuring conceptsin Chapter 3.

2.1 Integrated Signatures and Mo del Categories

Integrated signaturesare syntactic descriptionsof the structure of systems,while
on the semartical side integrated models are represertations of systemswhose
structure is given by an integrated signature.

The relations between di erent models of the same signature are captured in
terms of integrated model homomorphisms. A model homomorphism & de-
scribes how a more \general" model can be found in a less\general" one.
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Model homomorphisms for integrated models were not considered so far in
[EOO1a EOO01b, EOB*02h].

To get proper model categoriesthere alsohasto be a composition of homomor-
phisms, which is assaiative and has neutral identities for ead model.

We will rst look at the layers seperately in Subsections2.1.1 through 2.1.4
and then de ne the integrated notions by just putting the piecestogether in
Subsection2.1.5.

2.1.1 Data Type Layer

On the data type layer the static part of a systemis described by an algebraic
signature on the syntactical side.

Denition 2.1.1 (Data Typ e Signature)

A data type signature is an algebraic signature pr, which is a set pr g of
sort symbols and aset pr op Of operation symbols with functions dom and cod
assigning domains and codomains to operation symbols.

pr = ( brs, bprop,dom,cod)
with DT,S € Set
pT,0p € Set
dom: DT,Op — *DT,S
cod: prop — pr,sU{\}

We will write data type signaturesas follows:

data type:
sorts:  si,... (s1 € bpT,5)
opns: op:dom(op) — cod(op) (op € pr,0p)

Operation symbols P with empty codomain cod(P) = X are interpreted as
predicate symbols and written P:dom(P). The category of algebraic signatures
will be denoted by AlgSig in the following.

Data type models are partial algebras,which interpret the structure given by
an algebraic signature by carrier setsfor sort symbols and partial functions for
operation symbols.

Denition 2.1.2 (Data Type Mo del)

Given a data type signature pr, a data type model is a partial  pr-algebra
Mpr, i. e. a sort-indexed family of sets M and an operation-indexed family of
partial functions op;.

Mpr = (MS)SGEDT;S 7(0p1\/[)0p€EDT;O p
with M, € Set
opM - Mdom(op) o= Mcod(op)
where M, s, = M, x ... x M,
My = {+}
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Operation symbols con with empty domain dom(con) = X are interpreted as
constarts conys = conn(x) € Meoaeop) @nd operation symbols P with empty

codomain cod(P) = X as predicates with (z1,...,x,) € P, if and only if
P]\/j(ibl, - ,.CCn) de ned with f)]w(l‘l7 ceey .CCn) = x* and, hence,(.'l,‘l7 ceey .CCn) ¢ Py
if and only if Pys(z1,...,z,) is unde ned.

For operation symbols op we denote by the domain Dom(opys) of op in Mpr
the set of all elements of Mg, () for which opy, is de ned.

A homomorphismbetweendata typesis a partial algebrahomomorphism,which
is a family of (total) functions betweenthe sorts, being compatible with the op-
erations. Elemerts of the sorts of the sourcealgebracanbeidenti ed, leadingto
\confusion". The sorts of the target algebracan contain \junk”, i. e. additional
elemerns, which are not in the codomain of the homomorphism. For partial
algebrasthere are di erent types of homomorphismsdepending on how unde-
ned valuesare treated. We choosea version where the image of an unde ned
operation application can be de ned.

De nition 2.1.3 (Data Type Mo del Homomorphism)

Given two data type models Mpr and Npr, a data type model homomorphism
is a partial algebra homomorphism hpr: Mpr — Npr, i.€. a sort-indexed
family of total functions h,: M, — N,. Thesefunctions have to be compatible
with the operations in the sensethat they assignto the result of an operation
application in Mpr the result of the operation application on the images of
the argumerts in Npr (seeFig. 2.1). If an operation application is unde ned
in Mpr, the corresponding application in Npr can either be de ned (and the
result is not restricted in any way) or unde ned.

hpr:Mpr — Npr = (hs: Ms — No) exp 1
with hdom(op)(Dom(OpM)) c Dom(OpN)
OpN © hdom(op) = hcod(op) ©o0pmMm
where hg, . s, = hs, X ... X hg,
ha= {x— x}
f~g < Vz e Dom(f) N Dom(g): f(x) = g(x)

hdom (op y

Mdom(op) Ndom(op)

Oopm

(=)
_IN

cod(op)
hcod (op)

OPN

Mcod(op)

Figure 2.1: Data type homomorphisms
Now we de ne compositions and identities for data type model homomorphisms.

De nition and Fact 2.1.4 (Data Type Homomorphism Comp osition)
Given two data type homomorphisms gpr: Lpr — Mpr and hpr: Mpr —
Npr, the composition hpr o gpr: Lpr — Npr is an integrated model homo-
morphism de ned by the composition of the functions for all sorts.

hprogor = (ho9))esyrs = (hs©9s)sesy s

10
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The composition of data type model homomorphismsis assaiative,i. e. (hpr o

gpt) © for = hpr o(gpr o fpr) for all fpr:Kpr — Lpr, gpr: Lpr — Mpr
and hpr:Mpr — Npr.

Pro of: Wehaveto show that the composition resultsis a proper homomorphism
and is assaiative.

Homomorphism  Prop erties: The propertiesfor hpr and gpr haveto imply
the property for hpr o gpr, i. €. the de nednessof operation applications
hasto be presened and the operation applications have to be compatible
with the homomorphism.

e For the presenation of de nednessof operation applications we get:

hdom(op) (gdom(op) (Dom(OpL)))

C (gpr data type homomorphism, Def. 2.1.3)
hdom(op) (DOm(OpM))
C (hpr data type homomorphism, Def. 2.1.3)

Dom(opn)
e For the compatibilit y of the operation applications themselveswe get:

OpN © h’dom(op) © Gdom(op)
(hpr data type homomorphism, Def. 2.1.3)

hcod(op) © OPM © Gdom(op)
(gpr data type homomorphism, Def. 2.1.3)

hcod(op) © Gcod(op) © OPL

12

R

Asso ciativit y: The assaiativit y follows directly from the assaiatvity of com-
position for functions and families of functions.

Hencethe composition of data type homomorphismsleadsto data type homo-
morphisms and is assaiative.

Denition and Fact 2.1.5 (Data Typ e Iden tities)
Givena data type model Mpr, the identity idy, - : Mpr — Mpr is adata type
model homomorphism de ned by identities for all sorts.

idMDT = (idS)SEEDT:S = (idMS)SEEDT:S

The identities of data type models are neutral w.r.t. composition, i.e. hpr o
idMDT = hpr = idNDT ohpr for all hpr: Mpr — Npr.

Pro of: The homomorphism properties of identities are obviously satis ed, be-
causeidentities presene domainsand opn © idgom(op) = OPN = idcod(op) © OPN -

The neutrality of identities follows directly from the neutrality of identit y func-
tions.

The category of all partial algebrasand partial algebra homomorphismsfor an
algebraic signature  will be denotedby P Alg().

11
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Example:  As an examplelet us considera signature Natpr for the natural
numbers.

NatDT =

data type:

sorts: nat

opns: zero:nat
succ:nat — nat
add: nat nat — nat
sub: nat nat — nat

Now the model N AT for this signature is the intended interpretation with
natural numbers as sort NAT,,: and the constart O, the successorfunction,
addition and partial subtraction as operations.

NATnat =N

zeroyar = 0

suceyar(n) = n+ 1

addy ar(n,m) = n+ m

suby az(n,m) = n—m,ifn>m
’ unde ned, else

A secondmodel MODpr for the same signature is given by the set {0, 1,2}

and operations de ned modulo 3.

MOD,,. = {0,1,2}

zeroyjop = 0

succprop(n) = (n+ 1) mod 3
addprop(n,m) = (n+ m) mod 3
subprop(n,m) = (n —m) mod 3

Now there is a data type homomorphismmodpr: NATpr — MOD pr between
the two models.

modyq(n) = n mod 3

Note that mod,,; is \de ning" for all applications of sub that are unde ned in
N AT, becausesubyrop is atotal function.

2.1.2 Data State Layer

On the data state layer the dynamic states of the systemare described. On the
syntactical side there is a data state signature which is an extension of a data
type signature. On the semartical side this is interpreted by a classof partial
algebras,which are extensionsof a data type model.

The additional sorts and operations of the data state signature will be called
dynamic asopposedto the static sorts and operations of the data type signature.

12
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Denition 2.1.6 (Data State Signature)
Givenadatatypesignature pr, a data state signature is an algebraicsignature
ps extending pr.

ps € AlgSig
with pr € Dps

We will write data state signaturesasfollows, wherewe ommit the parts already
presert in the data type signature:

data state:
sorts:  si,... (s1€ bprs\ brs)
opns: op:dom(op) — cod(op) (op € bpr0p\ DT,0p)

Denition 2.1.7 (Data State Mo del)

Given a data type model Mpr and a data state signature pg, a data state
model is a class Mpgs of data states, which are partial pg-algebrasextending
MDT-

Mps C{A e PAlg( ps)|Alse: = Mpr}

A homomorphism between data state models is a function betweenthe classes
of data states. This function is uniquely determined by the following conditions:

e The dynamic sorts are identical in a data state and its image.

e The dynamic operations are de ned homomorphic, i. e. suc that the data
type homomorphismtogether with identities for dynamic sorts, is a partial
algebra homomorphism betweenthe data states.

e Operation domains for dynamic operations are presened by the homo-
morphism, which meansthat operations are not allowed to be de ned for
the imagesof tuples, for which the source operation is not de ned, and
for additional elemers in the data type sorts.

These conditions are necessaryfor the restriction construction in Section 2.2,
where we needto ensurethat for data states identied by the restriction the
imagesunder an homomorphism are also identi ed.

Data states can be identi ed by a data state homomorphismif they only di er
in operation results identi ed by the data type homomorphism. There can be
additional data statesin the target model that are not in the codomain of the
function.

De nition 2.1.8 (Data State Mo del Homomorphism)

Given a data type homomorphismhpr: Mps — Npg, and two data state mod-
els Mps and Npg w.r.t. Mpr and Npr, a data state model homomorphism is
a function hps: Mps — Npg assigninga data state in Npg to ead data state
in Mpg, sud that all dynamic sorts are identical and all dynamic operations
are compatible with the data state homomorphismsh 4: A — hpg(A), which

13
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are extensionsof hpr with identities for the dynamic sorts. Additionally the
domains of operations have to be presened by the state homomorphisms.

hps:Mps — Npgs
with Vs e DS,S\ DT,S-
hps(A)s = As
ha:A— hps(A) = (hpr, (idag)sespss \5o s ) PA. alg. hom.
Yop € ps,op\ DT,0p:
hA,dom(op)(Dom(OpA)) = Dom(ophos(A))

Since data state homomorphismsare functions, composition and identities are
just composition and indentities for functions.

Denition and Fact 2.1.9 (Data State Homomorph. Comp osition)

Given two data state homomorphisms gps: Lps — Mps and hps: Mps —
Nbps, the composition hps o gps: Lps — Nps is a data state homomorphism.
The composition of data state homomorphismsis assaiative,i. e. (hpsogps) o

fps = hpso(gps o fps) for all fps:Kps — Lps, gps:Lps — Mps and
hps:Mps — Nps.

Pro of: We again have to show the homomorphism properties and assaiativit y
of composition.

Homomorphism  Prop erties: The homomorphism properties of hps o gps,
that we have to show to be implied by those of hps and gpg, are the
identit y of dynamic sorts, a homomorphismexisting betweeena data state
and its image and the identit y of the domains of dynamic operations.

e We rst show that the dynamic sorts are identical:

Vs € Ds,s\ DT,S-

hps(gps(A)) s

(hps data state homomorphism, Def. 2.1.8)
gDS(A)s

(gps data state homomorphism, Def. 2.1.8))
As

e The algebra homomorphisms (h o g) 41 A — hps(gps(A)) between
the data states of Lps and Npg can becomposed from the ho-
momorphisms ga: A — gps(A4) for gps and hg, s (ay:gps(4) —
hps(gps(A)) for hps and are therefore proper homomorphisms.

e The last property to show is the identit y of operation domains:

Yop € Dpsop\ DT.0p
th s (A),dom(op) (gA,dom(op)(D(_)m(OpA)))

= (gps data state homomorphism, Def. 2.1.8)
th s (A),dom(op)(Dom(OpgD s (A)))

= (hpg data state homomorphism, Def. 2.1.8)
Dom(ophy 5 (g0 5 (4)))

Asso ciativit y: The assaiativit y of composition follows directly from the as-
saociativit y of function composition, since data state homomorphismsare
functions.

14
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Hencethe composition of data state homomorphismsleadsto data state homo-
morphisms and is assaiative.

Denition and Fact 2.1.10 (Data State Iden tities)

Given a data state model Mpg, the identity idy,: Mps — Mps is a data
state homomorphism. The identities of data state models are neutral w.r. t.
Composition, i. e. hps O’L'd]uDS = hpg = idNDS ohpg for all hps: Mps — Npg.

Pro of: The identity is a proper homomorphism, becausethe dynamic sorts
are identical by de nition, identities are partial algebra homomorphismsand
unde nednessis obviously presened by identities.

The neutrality of identities follows directly from the neutrality of identities on
classes.

Example:  We continue the exampleby adding a dynamic attribute att of sort
nat to get the data state signature Natpg.

Natps = Natpr+
data type:
opns: att:nat
In the model NATps we get a data state for ead natural number.

NATpg Z{Aiz(NATDT,i)|iEN}

Note that the data state, where att is unde ned is not included in NATps.

In the model MODpg we just have three data states, becauseM OD,,,; only
contains three values.

MODps = {A,= (MODpr,i)|i € {0,1,2}}

Again we did not include the fourth possibility that att is unde ned.

Now we have a data state homomorphism modps betweenthese state classes.

mOdps(NATDT,n) = (MODDT,H mod 3)

2.1.3 Transformation Layer

On this layer transformations between data states are introduced. There is a
transformation signature consisting of transformation symbols with input and
output parametersin the syntax.

Denition  2.1.11 (T ransformation Signature)
Givenadata state signature pg, a transformation signature isatriple (7, in,
out) with a set 1, of transformation symbols and families in(t) and out(t) of

15
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input and output parameter variables, typed by sorts of pg, for eat transfor-
mation symbol ¢.

T € Set
n. 7, — Se
out: T, — Set>ss

tEDs;s

We will write transformation signaturesas follows:
trafos: t(ziis1,...;77080,...) (L€ 11 €in(t)s, 2] € out(t) )

A transformation de nes which data states can be transformed by giving a set
of transformation steps, which contain the source and target data state and
assignmeits from the input parametersto the sourcedata state and from the
output parametersto the target data state.

De nition  2.1.12 (T ransformation)

Given a data state model Mpg and a transformation symbol ¢ with parameters
in(t) and out(t), a transformation ty; is a subclassof the classTrExpr(Mpg,t)
of all possible transformation expressions ta p(a,b), where A is a data state
that is transformed into B with parameter assignmens a and b.

ty CTrExpr(Mps,t)

where TrEzpr(Mps,t) = { tap(a,b)|A,B€ Mpg,
A€ Mpg,a:in(t) — A,
B € Mpg,b:out(t) = B}

These transformations allow dierent interpretations. If a transformation is
meart to specify changesto a only a part of the data state it cando this either
tight, keepingall other elemeris of the data state the same,or loosely allowing
arbitrary changesto the other parts. We do not enforce one of these choices,
but when lifting transformations during amalgamation in Subsection3.1.3 we
apply a looseinterpretation.

The transformation model is a family with a transformation for ead transfor-
mation symbol.

De nition  2.1.13 (T ransformation Mo del)
Given a transformation signature (7., in,out), a transformation model M,
cortains a transformation ¢, for eat transformation symbol.

Mo, = (tM)teET r

We wish to allow transformation stepsto interleave, if they are betweenthe same
data states. For this reasonwe intro duce a secondmodel, which consistsof sets
of possibletransformation stepsbetweentwo data states. As a special casethe

empty setis a possibletransformation setbetweenall data states, meaning that

all changesoccur due to the environment.

If transformations are speci ed tightly, they can only interleave, if they agree
on sometransformation steps. For example a transformation sqr squaring an

16
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attribute att: — nat could interleave with a transformation dbl doubling att
on the step from att = 2 to att = 4 to becomea transformation set 75 4 =
{597’2,4, db12,4}-

If transformations are speci ed loosely they can interleave between all data
states where both changea part of the system. We have no meansof demand-
ing theseparts to be disjoint, becausethe parts supposedto be changedby the
ervironment are not explicitly distinguished from the parts the transformation
is willing to changeitself, but can only indirectly be concludedfrom the obser-
vation, whether all possiblechangesare included in the transformation or only
someare selected. However, interleaving transformation stepshave to agreeon
all changes,hencealso on the part both want to change.

De nition  2.1.14 (T ransformation Set Mo del)

Given a transformation model Mr,., the transformation set model Mrg is the
classof all setsof transformation steps,which agreeon the data states, that are
transformed.

Mrs = {Tap|A, BE€ Mps,Tap C Tgans(A, B)) }
where Trans(A,B) = {txy(z,y) € Mp,|X =AY =B}

We can interpret the data states and transformation setsas nodesand edgesof
a (large) graph, called data state transformation system. This graph represens
the whole (data) state spaceof the modelled system. It will be usedas a target
for labelling processscenarioson the next layer.

Denition 2.1.15 (Data State Transformation System)

Given a data state model M pg and a transformation set model Mtg, the data
state transformation system (short DSTS) Mpgsrs is a graph with the data
states Mpg as nodes and the transformation sets Mg as edges,where eath
transformation setT4 p is an edgebetween A and B.

Mpsts = (Mps, Mrs, sre,trg) € Graph
with  sre(Ta,g) = Aandtrg(Tap) = B

A transformation model homomorphismis, if it exists, uniquely determined by
the underlying data state homomorphism. It assignsto every transformation
stepatransformation step betweenthe imagesof the data stateswith the images
of the parameters.

Again transformation stepsare identi ed, if they only dier in valuesidenti ed
by the data type homomorphisms. and the target model can contain additional
transformation steps.

De nition  2.1.16 (T ransformation Mo del Homomorphism)

Given a data state homomorphism hps: Mps — Npg and two transformation
models Mr, and Np, w.r.t. Mpg and Npg, a transformation model homo-
morphism hrp.. Mp,. — N, is a family of functions h;:t); — ¢ty betweenthe
transformations in My, and the transformations in Np,. which is compatible
with hpg (seeFig. 2.2).

hor: Mry — N = (heitar — tN)iesy,
with ht(tAyB(a, b)) = thD s(A),hps (B)(hA oa, hpo b)

17
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in(t) =14 o oui(t)
taB (a,b)

T (=)
hps ht hps hg
| o’

tpo0g 0(a®,b°)

Al B/

Figure 2.2: Data state and transformation homomorphisms

The composition of transformation homomorphisms and the transformation
model identities are again basedon the composition of functions and classiden-
tities.

Denition and Fact 2.1.17 (T ransformation Hom. Comp osition)
Given two transformation homomorphisms gr,.: Ly, — My, and hp,.: M7, —
Nr.., the composition hr, o gr,: LT, — N, is atransformation homomorphism
de ned by the composition of the functions for eat transformation symbol.

hrrogry = ((ho g)t)teZTr = (hto gt)tezn

The composition of transformation homomorphismsis assaiative, i.e. (hr, o

gTr) o fT'r' = hT'r' o (gT'r' o fT'r') for a-” fTr:KTr - LTry gT'r':LT'r' - ]\/[T'r' and
h’TT: MT’I“ - NTT'

Pro of: Sincethere are no additional porperties, that needto be satis ed for
transformation homomorphisms(they are uniguely determined by the underly-
ing data state homomorphism), the composition of transformation homomor-
phisms is obviously a transformation homomorphism.

Assciativit y of the composition is again implied directly by assaiativity of
function and function family composition.

Denition and Fact 2.1.18 (T ransformation Iden tities)
Given a transformation model Mr.., the identity idns , - M7, — My, is a trans-
formation homomorphism de ned by identities for all transformation symbols.

idyr, = (idi)yes,, = (idiy )pes,,

The identities of transformation models are neutral w.r.t. composition, i. e.
hr, o ’L'd]wTr = hp, = idNTr o hp, for all hry: My, — N,

Pro of: As for the composition, there is nothing to show, here, since transfor-
mation homomorphismsdo not have to satisfy any additional properties.

The neutrality is, oncemore, implied directly by the neutrality of identities for
setsand families of sets.

For the intepretation of the data state and transformation set modelsasgrpahs,
we get a graph homomorphisminduced by a data state homomorphismand the
corresponding transformation homomorphism.

18
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De nition  2.1.19 (DSTS Homomorphism)

Given a data state homomorphismhps: Mps — Npg, a transformation model
homomorphism hr,.: M7, — Nr,. and the two corresponding DSTSs Mpsrts
and Npgsrs, the graph homomorphismhpsrs: MpsTs — Npsts is induced by
hDS and hr,.

hpsts:Mpsts — Npsts
with  hpsrs(A) = hps(A)
hpsrs(TaB) = { hi(ta,s(a, b)) |tap(a,b) € Tap}

Example:  We enhancethe exampleby a transformation signature with trans-
formation symbols inc and set, where inc gets an input and an output param-
eter, which are supposedto be assignedto the original resp. the incremened
value of the counter, and set just getsan output parameter, which is supposed
to be assignedto the newly set value.

trafos: inc(n: nat; m: nat)
set(; m: nat)

In NATr, the transformation incy 47 incremerts the counter and the transfor-
mation sety a7 Setsit to the speci ed value.

incnar = {inca, 4 (a,b)| 4,j €N, j=i+ 1
a:{n} — Ai,a(n) = 1,
bi{m} — A;,b(m) = j}
setyar = {seta 4 (0,0)] i,j€N,
bi{m} — Aj;,b(m) = j}

In MOD~, the transformation incy;op becomescircular, while the transfor-
mation setj);op can switch betweenall pairs of data states.

incyop = {incA97Ajt)(a,b)| i,7€{0,1,2},(i= OAj= 1)V
(i=1Aj=2)Vv(i=2A5=0),
a:{n} — A}, a(n) = 1,
b} — AL bm) = 7}
setyjop = {setAiO_,AJo(@,bH 1,7 € {0,1,2},
br{m} — A}, b(m) = j}

Again we geta homomorphismmodr,., which assignsto a transformation stepin
N ATr, the corresponding transformation step modulo 3in MODx,.. It consists
of two functions mod;,. and mode; for the transformation symbols.

modinc(inca; 4 (a,b)) = incao a0 (a/,0)

AQ (@7 bl)

mOdset(SetAi A ((Z)’ b) = SetAio mod 3’7 mod 3
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3, o b {m}

inca;a; (a,b)

modinc modp s

0 ;0
A0 a,b
|mod3'Ajm0d3( ’ )

2.1.4 Process Layer

On the processlayer the reactive behaviour of the systemis modelled in terms
of processes.

De nition  2.1.20 (Pro cess Signature)

Given a data state signature pg, a process signature is a triple ( p,,in, out)
with a set of process symbols p and families in(t) and out(t) of input and output
parameter variables, typed by sorts of pg.

pr € Set
n. pp— Set>0Tis
out: pr — Set>0 s

Similar to transformation signatures,we will write processsignaturesasfollows:
procs: p(xl:sla---;xll:slla"') (p6 Pr,T1 Gin(p)suzll GOUt(p)S?)

Processedn the model contain scenarioscalledreactive state transition systems,
which are graphs with initial and nal states.

Denition 2.1.21 (Reactiv e State Transition System)
Given a processsymbol p, a reactive state transition system (short RSTS) M,
is a graph Gy, with initial nodesly;, and nal nodesFyy, .

My, = Gum,,Ing s Fo,
with GILIp = N]p[p,Ek[p,STC,tTg EGraph
Ing, © Nag, B, © Ny,

Similar to transformations processesare de ned as subclassesof the class of
all processexpressions. A processexpressioncaptures the external view of a
processoccuring in the system,i. e. the initial and the nal data state, between
which the processoccurs, together with possible parameters.

De nition  2.1.22 (Pro cess)

Givenadata state model M pg and a processsymbol p, a process pjy is asubclass
of the classPrExpr(Mps, p) of all possibleprocess expressions p 4, g(a, b), where
A is a data state that is transformed into B with parameter assignmerts a and
b.

pm € PrExpr(Mps, p)
where PTEmpr(MDS;P) = { pA,B(aab) | A7B S MD5’7
A € Mpgs,a:in(p) — A,
B € Mpg,b:out(p) — B }
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Now, in the processmodel there are RSTSsand processeselated by a function
assigningto ead processexpressiona set of occurencesof the RSTS in the
DSTS, sudh that a path from an initial to a nal reactive state is mapped to
a path from the initial to the nal data state. This setis not allowed to be
empty. Hence,for every processexpressionin the process,there is at least one
occurrence.

De nition  2.1.23 (Pro cess Mo del)

Given a data state transition system M pgrs and a processsignature (- p,., in,
out), a process model Mp, contains a RSTS M), a processp,; and a function
Occyy, for eadh processsymbol p. Occyy, assignsto ead processexpressiona
set of occurences of Gy, I Mpsrs.

Mpy = Mp,pr, Ocens, s,
with  Ocenr, i py — P(Mor(Gar, , Mpsts))
Occen, (pa,B(a,b)) €{ occ:Ga, — Mpsrs |
di € I]\/[pﬂf S FMP:

occ(i) = A,oce(f) = B,i % f}
Occu, (pa,p(a,b)) 7 0

Homomorphisms between processexonsist of graph homomorphisms between
the RSTSsand functions betweenthe processessimilar to transformation model
homomorphisms. The graph homomorphismshave to presene initial and nal
states. Moreover, they have to be compatible with the occurrencesand the
DSTS homomorphisms.

Reactive states can (but do not have to) be identi ed, if the corresponding
data states are identi ed for all occurrences.Processexpressionsare similar to
transformation stepsidenti ed, if and only if they only di er in valuesidenti ed

by hpr. The target processcan have additional reactive, initial and nal states,
processexpressionsand occurences.

De nition  2.1.24 (Pro cess Mo del Homomorphism)

Given a data state homomorphismhps: Mps — Npg, the corresponding DSTS
homomorphism hpgsrs: Mpsts — Npsts and two processmodels Mp,. and
Np, W.r.t. Mpsrs and Npsrs, a process model homomorphism hp,. Mp, —
Np, consistsof a family of RSTS homomorphisms hg,: Mg, — Ng, and afam-
ily of process expression mappings hp:py — py. The RSTS homomorphisms
have to presene initial and nal states. Moreover, for every occurenceocc of
a processexpressionin M there hasto be an occurrenceocc’ of the translated
processexpressionin N, which is compatible with hpsrs and hg, (seeFig.
2.3).

hpr: Mp, — Np, = hGp : GI\/Ip — GNp , hp:pM — DN
with i € In, == hg,(7) € In,
[ €Fn, == hg,(f) € Fn,
hp(pa,B(a,)) = pros(a)hos(B)(haoa,hpob)
Joce € Ocep, (pa,B(a, b))
== Jocc’ € Occep, (hp(pa,s(a,b))):
occ’ o hg, = hpsrs o occ

PEXP
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h
G, L/GN,,

Jocc€Ocem p (pag (a,d)) | ———— Jocc’€Ocen p (hp (Pag (a,b)))

Figure 2.3: Processhomomorphisms

We can now de ne composition of processmodel homomorphismsand process
model identities by componert-wise composition resp. identities for graphs and
processexpressionclasses.

De nition and Fact 2.1.25 (Pro cess Homomorphism Comp osition)
Given two processmodel homomorphisms gp,.: Lp, — Mp, and hp,: Mp, —
Np,, the composition hp,ogp,: Lp, — Np, is a processmodel homomorphism
de ned by componernt-wise composition of the graph homomorphismsand pro-
cessexpressionmappings.

hprogpr = (hog)g,  (hog), S hGy © 96, hw 0 9p e,
Pr

The composition of processmodel homomorphismsis assciative, i.e. (hp, o

gpr) © fpr = hppo(gpr o fpy) for all fp.: Kp. — Lp;, gpr: Lpr — Mp, and
hP'r': MPT - NP’!'-

Pro of: Once more, we have to shov the homomorphism properties and the
assciativit y.

Homomorphism  Prop erties: The homomorphism properties of the compo-
sition consist of hg, o gc, being a graph homomorphism, that presenes
initial and nal states, h, o g, being a processexpressionmapping and the
existenceof compatible occurrences.

e hg, ogg, is agraph homomorphism, becausegraph homomorphisms
are closedunder composition.

e hg, o gg, presenesinitial and nal states, becausehg, and gg,
presene initial and nal states:

i €1, resp. fe€rFy,
== (gp, processmodel homomorphism, Def. 2.1.24)
96, (1) € In, resp. ga, (f) € Fuy,

== (hp, processmodel homomorphism, Def. 2.1.24)
hgp °9ga, (Z) S IMp resp. hgp ° ga, (f) € FMP

e hyog, is aprocessexpressionmapping analogouslyto the composition
of transformation expressionmappings.
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e The existenceof compatible occurencess achieved by transitivit y of
the implication (seeFig. 2.4):

Joce € Occr, (pa,s(a, b))
== (gp, processmodel homomorphism, Def. 2.1.24)
Jocc” € Ocenr, (9p(pa,B(a,b))):
occ’ 0 gg, = gpsTs © occ
== (hp, processmodel homomorphism, Def. 2.1.24)
Jocc’ € Ocen, (9p(pa,B(a, 1))
Jocc”" € Ocen, (hy © gp(pa,s(a,b))):
occ’ 0 gg, = gpsrsoocc (1)
AN occ” ohg, = hpsrsoocd (2)
== Jocc’ € Ocenr, (9p(pa,B(a,b)))
Jocc” € Ocen, (hy 0 gp(pa,B(a,b))):
occ’ o hg, o ga,

2
@ hpsts o occ’ o gg,
1

@
= DSTS ©gDSTS © 0cC
== Jocc” € Ocen, (hy © gp(pa,B(a,b))):
occ” o hg, © ga, = hpsrs © gpsrs © occ
Asso ciativit y: The assaiativit y follows from the assaiativit y of composition
for graph homomorphisms,functions and families of them.

Hencethe composition leadsto proper processhomomorphismsand is assaia-
tive.

9Gp p
G, /GM,, /GNp
|
occ (1) O(ico (2) occ®
|
Lpsts goors Mpsts j——Npsrs

Figure 2.4: Compoitionality of occurenceexistence

Denition and Fact 2.1.26 (Pro cess lden tities)
Given a processmodel Mp,, the identity homomorphism idys,, : Mp, — Mp,
is a processhomomorphism de ned by identities on all graphs and processes.

Z.dIWP P ide ) idp idGM p? idprvl

pEXP - PESP
The identities of processmodels are neutral w.r.t. composition, i.e. hoidy; =

h=1idyohforall h: M — N.

Pro of: The homomorphism properties of the identit y are again obvious: Iden-
tity is a graph homomorphism, compatibilit y for processexpressionds achieved
asfor transformation symbols, initial and nal states,aswell asoccurrencesare
identical.

Neutrality of identities follows from the neutrality of graph and classidentities
and families of them.
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Example:  For the exampleof natural numberswe intro ducea processsymbol
cnt with an input and an output parameter.

procs: cnt(n:nat; m: nat)

This processshall be interpreted as courting up three times in NATp,.. Hence,
the processcnt a7 consistsof processexpressions,where the secondalgebra
has a counter, which is the counter of the rst one plus 3, and the parameters
are assignedto the valuesof the courters.

entyar = {enta A (a,b)| i,j €N,j=i+ 3,
a:{n} — A;,a(n) = i,
b:{m} — A;,b(m) = j }

The RSTS NAT,,, is given by the graph Gy ar,, in Fig. 2.5 with the initial

state stateg and the nal state states. In our model we chooseto have ex-
actly one occurrencefor ead expressionin the process,namely the occurrence
depicted in Fig. 2.5.

stateg | /Al-

steps || {inca g ()}
stateq | /Ai-i-l

stepz || {incaiy A ()}
states | lAi+2

steps || {incai,y A ()}
states | /AZ-+3

Figure 2.5: Processcntyar

In MODp, we alsointerpret the processas courting up three times, but, since
our model is constructed modulo 3, this processcortains a circle in the data
state transformations. We chooseto re ect this circle in the RSTS, leading to
the graph Gy op,, in Fig. 2.6. Now, the initial and nal state are both statey.
In the processent yyop We have three processexpressions.

entyop = {entao a0(a,b)| i €{0,1,2},
a:{n} — A}, a(n) = 1,
b:{m} — A,,b(m)=1i}

We takejust the one occurrencedepictedin Fig. 2.6 for ead processexpression.

Between these processesthere is a processhomomorphism consisting of the
graph homomorphism mod¢,, in Fig. 2.7 and the processexpressionmapping
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occ€Ocem 0D gy (enty iO;A Io())

G MO Do IMODpsrs
stateB: /Ag e
57 W3 {lm% y()}
I |
statey pry states AgiJrl) mod 3 {incs ()} /£/(i+2) mod 3

Figure 2.6: Processcntiop

moden:. It identi es stateg and states of Gy ar,, t0 becomestateyin Grpop,, -
The compatibilit y with modpg is achieved, becauseA; and A, s are identi ed

/
to becomeA] .5 by modps.
modg g
GNATcm /GMODcnt
stateg
step1
stateq l—/statelf
%
stepz stepy @qteo
states l—/stateg
stepz
states

Figure 2.7: Processhomomorphism mod.,:

2.1.5 Integration

We now combine the notions of the di erent layersinto integrated de nitions.

Integrated signatures combine the syntactical sidesof the layers.

De nition  2.1.27 (In tegrated Signature)
An integrated signature  consistsof

e adata type signature pr asin Def. 2.1.1,

e adata state signature pg w.r.t. pp asin Def. 2.1.6,
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e a transformation signature ( 7.,in,out) w.r.t.  pg asin Def. 2.1.11
and

e aprocesssignature ( p,,in,out) wW.r.t. pg asin Def. 2.1.20.

Integrated models combine the semartical sides,wherewe take only those parts
not induced by other ones,which is why we did not include Mrg and Mpgrs,
which can be derived from Myz,. and Mps.

De nition  2.1.28 (In tegrated Mo del)
An integrated model M of an integrated signature  consistsof

e adata type model Mpr asin Def. 2.1.2,
e a data state model Mpg w.r.t. Mpr asin Def. 2.1.7,
e atransformation model M, w.r.t. Mpg asin Def. 2.1.13and

e aprocessmodel Mp, w.r.t. Mpg and Mp, asin Def. 2.1.23.

Integrated model homomorphisms,as represertations of the structural relations
betweenmodels, combine the homomorphismnotions. Weinclude hpg and A,
although they are uniquely determined by hpr, becausetheir existenceis not
guaranteed, but is neededfor an integrated model homomorphism. The DSTS
homomorphism hpgrg is not included, becauseit is induced by hps and hrp,.

De nition  2.1.29 (In tegrated Mo del Homomorphism)
An integrated model homomorphism h: M — N for an integrated signature
and integrated models M and N of consistsof

e a data type model homomorphism hpr asin Def. 2.1.3,
e a data state model homomorphismhpg w.r.t. hpr asin Def. 2.1.8,

e atransformation model homomorphismhr,. w.r.t. hpg asin Def. 2.1.16
and

e aprocessnodel homomorphismhp, w.r.t. hpg and hr, asin Def. 2.1.24.

In order to get a model category we also combine the de nitions of assaiative
compositions and neutral identities to becomeintegrated notions. The needed
facts are obviously implied by the corresponding facts on the layers.

Denition and Fact 2.1.30 (Integrated Homomorphism Comp osition)
Given two integrated model homomorphismsg: L — M and h: M — N for an
integrated signature , the composition h o g: L. — N is an integrated model
homomorphism de ned by

e (hog)pr = hprogpr asin Def. 2.1.4,
o (hog)ps = hpsogps asin Def. 2.1.9,

e (hog)r, = hp,ogp, asin Def. 2.1.17and
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e (hog)pr = hp,ogp, asin Def. 2.1.25.

The composition of integrated model homomorphismsis assaiative, i.e. (h o
glof=ho(gof)forall fif K —L,¢g:L— M andh:M — N.

Pro of: The assciativit y of composition follows from the componert-wise as-
sociativit y of the dierent layers.

Denition and Fact 2.1.31 (In tegrated Iden tities)
Given an integrated model M for an integrated signature , the identity homo-
morphism idy: M — M is an integrated model homomorphismde ned by

° (’L'd]u)DT = ’L'd]uDT asin Def. 2.1.5,

° (idILI)DS = ’L'd]wDS asin Def. 2.1.10,

e (idpys)Tr = idp, asin Def. 2.1.18and

[ (id]u)p,- = ’ider asin Def. 2.1.26.

The identities of integrated models are neutral w.r.t. composition, i.e. ho
idy = h=idyohforall h:M — N.

Pro of: The neutrality of identities follows from the compoert-wise neutrality
on the dierent layers.

The following theorem combines the facts for compositionality, assaiativit y of
compositions and neutrality of identities into the notion of category, and is
therefore a main result of this section.

Theorem 2.1.32 (In tegrated Mo del Category)
The integrated models for an integrated signature  with integrated model ho-
momorphisms, composition and identities form a category, denotedby Mod().

Pro of: There are two category axioms that needto hold:

Existence and Asso ciativit y of Comp osition: SeeDef. and Fact 2.1.30

Existence and Neutralit y of lden tities: SeeDef. and Fact 2.1.31

2.2 Signature Morphisms and Restriction Con-
struction

Signature morphisms capture the structural relation between di erent signa-
tures. They expresshow the elemers of \smaller" signatures can be found in
\larger" ones.

This is interpreted by a restriction construction on modelsin the opposite direc-
tion that forgetsthe parts which are only contained in the secondsignature. In
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the generalcasedi erent elemers of the rst signature can be assignedto the
sameelemen of the secondone, leading to a duplication of the corresponding
model parts in the restriction.

The restriction can also be applied to homomorphisms,where it is compatible
with composition and identities leading to a functor.

As in the previous section, we rst look at the layersin detail in Subsections
2.2.1through 2.2.4and then combime them into integrated notions in Subsection
2.2.5.

2.2.1 Data Type Layer

On the data type layer we have an algebraic signature morphism on the syntacti-
cal side. It mapssort and operation symbols, possibly identifying somesymbols,
where the maps have to be compatible with the domains and codomains.

Denition 2.2.1 (Data Typ e Signature Morphism)

Given two data type signatures pr and 5, a data type signature morphism
is an algebraic signature morphism fpr: pr — '», Which contains a map-
ping fpr,s: pr,s — prg Of sortsand a mapping for.0p: pT.0p = DO
of operation symbols, such that the imagesof domain and codomain for eah
operation symbol op are the domain and codomain of the image of op (seeFig.
2.8(a) and Fig. 2.8(b)).

for: pr — /DT = (fpr,s, for,0p)
with  fprs: pris— pbrs
forop: pr.OP = Dr0Op
dom o fpr,0p = (fpT,5)" © dom
codo fpr.op = (fpor,s)* o cod

fotop / fotop |/
DT,0p DT,Op DT,Op DT,Op
dom (=) dom cod (=) cod
( prs) —I( brs)”  prsU{} pr.s U{A}
(fors) (fors)
(a) Operation domains (b) Operation codomains

Figure 2.8: Data type signature morphism

The data type restriction is the usual forgetful functor for algebras (seee.qg.
[EM85]) constructing a model of pr from a model of ', by forgetting sorts
and operations not in the codomain of fpr, and duplicating and renaming the
other onesaccording to fpr. The restriction to a subsignature used in the
de nition of data state models (Def. 2.1.7) is a special caseof this restriction.
Sinceinclusions are injective and map symbols identically, nothing is renamed
or duplicated here, only the additional parts are forgotten.
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De nition and Fact 2.2.2 (Data Type Mo del Restriction)

Given a data type signature morphism fpr: pr — ’»y and a ‘pp-model
Mpr, the restriction of M,y isa pr-model Vi, . (Mpr) = Mpr, where each
carrier set M, resp. operation op,, is given by the carrier set M}DT;S (s) Tesp.

operation fpr,op(op)are for the image of the corresponding symbol in = /..

VfDT (M/DT) = MDT
with M, = M}DT‘S )
opMm = fDT,op(Op)MO

Pro of: We needto show that Mpr is a proper pr-model, i. e. that the func-
tionalities of the operations are correct. Sinceop,, is de ned as fpr,0p(op) Mo,
H H H H . / /! H

its funct_|onallty IS opy: Mdlom(fDT;op(op)) - Mcod(fm;op(op))... By domalp z.;md
codomain compatibilit y of signature morphismsand the de nition of restriction

for sorts we get the correct functionality opar: Maom(op) — Meod(op):
M’ — M’

dom(fot0p(op)) cod(fo1:0p (op))
(compatibilit y for signature morphism, Def. 2.2.1)

!/ !/
My +s) (dom(op)) Mgy 1) (cod(on))
(restriction of sorts, Def. 2.2.2)
Mdom(op) - Mcod(

—

op)

We can also apply the restriction construction to homomorphisms, where we
get a restricted homomorphism betweenthe restricted data types. In this case
the restriction is compatible with composition and identities.

De nition and Fact 2.2.3 (Data Type Homomorphism Restriction)
Given a data type signature morphism fpr: pr — '»r and a ‘pp-homo-
morphism 'y My — Npp, the restriction of hlpp isa pr-homomorphism
Vior (Wpr) = hpr: Mpr — Npr betweenthe forgetful functor imagesMpr =
Vs (Mpr) and Npr = Vi . (Npp), wherethe function hg: M — N, for eah
sort symbol s € pr,s is given by the function for the image sort symbol.

VfDT (thT:MbT — NbT) = hpr:Mpr — Npr
with  Mpr = VfDT (MbT)v Npr = VfDT (NbT)
hg: My — Ng = hlf ‘M — N/,

pTis (s) fotis (s) fotis (s)

The restriction is compatible with composition and identities:

Vio+ (h/DT °© g/DT? = Vior (h/DT) o Vs (ngT)
and VfDT(ZdMST): ’LdeDT(]\/IST)
Pro of: We needto show the homomorphism properties of the restricted homo-
morphism and the compatibilit y with composition and identities.

Homomorphism  Prop erties: The homomorphism properties, i. e. presena-

tion of de nednessand compatibilit y with operation applications, of A pr
must be implied by those of 1/, ..
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e The presenation of de nednessis obtained from the corresponding
property of b/,

hdom(op) (Dom(opM))

= (restr. of oper. and hom., Def. 2.2.2and 2.2.3)
h/(fDT;S ) .(dlo-m(op))(D.Om(fDT,O;D(Op)-IWO))

= (compatibilit y for signature morphism, Def. 2.2.1)
Nom (o 10 » (opy) (POmfDT,0p(0P) 110))

C (h'pr data type homomorphism, Def. 2.1.3)
Dom( fpr,0p(0p) no)

= (restriction of operations, Def. 2.2.2)
Dom(opn)

e The compatibility of operation applications is also implied by the
corresponding compatibility for A/,

OpN © hdom(op)
= (restr. of oper. and hom., Def. 2.2.2and 2.2.3)
For.0p(0PIN® © higy oy (domiop))
= (compatibilit y for signature morphism, Def. 2.2.1)
Ip1,00(0PYN° © Ry o 1.0, (o))
(h'pr homommorphism, Def. 2.1.3)
héOd(fDT:O » (op)) © fDT’Op(Op)MO

= (compatibilit y for signature morphism, Def. 2.2.1)
Migors) (cod(op)) © FDT.0p(0P) 110
= (restr. of oper. and hom., Def. 2.2.2and 2.2.3)

hcod(op) copm

1

Compatibilit y with Comp osition: We canreducethis property to the com-
position for families of functions, which is well-known to be compatible
with the componert-wise composition of the included functions:

VfDT (h/DT o g/DT)
= (restriction of homomorphisms,Def. 2.2.3)

(o g/)fDT:S (S))SGEDT;S
= (composition of homomorphisms,Def. 2.1.4)

(h/f © g/ )SEZ .
pT:s (s) fots (s) DT:S
= (composition of families of functions)

(h/fDT;s (5))5€2DT?S © (g}DT;S (S))SGEDT?S
= (restriction of homomorphisms,Def. 2.2.3)

VfDT (thT) o VfDT (g/DT)

Compatibilit y with Iden tities: This property is even easierto show, since
it just needsthe application of the corresponding de nitions:

VfDT (id]WBT )
= (restriction of homomorphisms,Def. 2.2.3)
(ideO ) )seso TS
DTS
= (restriction of sorts, Def. 2.2.2)

(ide o1 (MS1)s )seso T s
= (data type identity, Def. 2.1.5)

idv - (M3)
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Hencethe restriction of data type homomorphismsleadsto proper data type
homomorphismsand is compatible with composition and identities.

2.2.2 Data State Layer

On the data state layer we have a secondalgebraic signature morphism which
is compatible with the one on the data type layer. We additionally require the

morphism to map dynamic elemenis of pg to dynamic elemers of /5.

De nition 2.2.4 (Data State Signature Morphism)

Given a data type signature morphism fpr: pr — ’»p and two data state

signatures ps and g, @ data state signature morphism is an alebraic sig-

nature morphism fps: ps — ’pg, Which is an extension of fpr (see Fig.

2.9) and maps dynamic sorts s € ps,s \ pr,s to dynamic sorts fpg s(s) €
ps.s \ pr.s and dynamic operations op € ps,0p \ DT,0p t0 dynamic op-

erations fps s(op) € psop\ brop

fps: ps— bs

with  fpr C fps
fpss( pss\ brs)C /17575\ /DT15
fps,;s( ps,op\ pT0p) S Dbsop\ brop

Figure 2.9: Data state signature morphism

The restriction of a data state model is achieved by applying the forgetful functor
to all data statesin the model. This construction identi es data states, whose
di erences are forgotten by the functor, becausethey only di ered in elemerts
of sorts or applications of operations, that have no correspondencein  pg.

Denition and Fact 2.2.5 (Data State Mo del Restriction)

Given a data state signature morphism fps: ps — g and a ’,s-model
Mg, the restriction of M, gisa pg-model Restry, s (M},g) = Mpgs consisting
of all forgetful functor imagesfor the data statesin M.

Restrpys (Mpg) = Mps
with " Mps = { Vips (A) | A’ € Mpg )

Pro of: We have to shaw, that Mpg is a pg-model w.r.t. the data type
Vior (Mpr) = Mpr, i.e. that the restriction to the data type signature is
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Mpr for all data states A € Mpg:

A|EDT
= (data state restriction, Def. 2.2.5)
Vins (A')|5,, for someA’ € My ¢
= (compatibilit y for signature morphisms, Def. 2.2.4)
Vio+ (A/|Eg1. )
= (M} data state model, Def. 2.1.7)
VfDT (M/DT) = Mpr

In the restriction of data state homomorphismswe needthe very strong require-
ments, we assumedfor them in Section 2.1, becausewe have to ensurethat for
two data statesof M/}, ¢, which areidenti ed by the restriction, alsotheir images
under the homomorphism are identi ed.

Denition and Fact 2.2.6 (Data State Homomorphism Restriction)
Given a data state signature morphism fps: ps — ’pganda ’,g-homomor-
phism h'lpg: Mg — Npg, the restriction of h,g is a pg-homomorphism
Restry, s (Wps) = hps:Mps — Npg between Mpg = Restry, s (Mpg) and
Nps = Restrg, s (Npg) assigningto the forgetful functor image Vy, ¢ (A’) of a
data state A’ the forgetful functor image of i, ¢(A’).

Restry, s (Wpg: Mpg — Npg) = hps: Mps — Nps
with  Mpg = Restry, s (Mpg), Nps = Restry, s (Npg)
hDS(Vst (A/)) = Vst (hIDS(AI))

The restriction is compatible with composition and identities:

Restry, (h/DS ° g/DS) = Restrg, s (h/DS) o Restr (ngS)
and ReSt’l"fD s (Z'd]\/jg s ) = idRestrf bs (M3s)

Pro of: We have to shaw the well-de nednessof the restriction, the homomor-
phism properties and that compositions and identities are presened.

Well-De nedness:  Sincethe restriction is de ned by referring to not neces-
sarily unique data states of M7,s, whoseforgetful functor image the data
state of M pg is, we needto show, that in casedata statesareidenti ed by
the restriction, their imagesunder the homomorphism are also identi ed:

Vst (AI) = Vst (BI) == Vst (h/DS(AI)) = Vst (h/DS(BI))

e First we show this for the sorts, wherewe needthe requiremert, that
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the dynamic sorts are identical in statesrelated by a homomorphism.

Vs€ pss\ brs:

Vios (Wps(A)) s
= (restriction of sorts, Def. 2.2.2)
/DS(A/)fD s;s (8) )
= (k)¢ data state model homomorphism, 2.1.8)
A/fD ss (s) = Vst (A/)s
= (assmsz;tlon Vf/[,S (A) = Vi (B))
VfDS B)s = BfDS‘S (s)
= (];L/DS dlata state model homomorphism, 2.1.8)
hDS(_B ?fD sis (8)
= (restriction of sorts, Def. 2.2.2)
Vios (Wps(B') s

e Now, for the operations, we rst show the equality of op;Lgs(A) o
W s0 dom(op) @N Op;LgS (8) © 50 dom(op): TOr Which we needthe homo-
morphism properties (seeFig. 2.10).

Yop € Dpsop\ Dr,0p, fDS,0p(0D) = 0P
0PV, « (hS 5 (A%) © Mt ¢ (49),dom(op)
= (restriction of operations, Def. 2.2.2)
Op;z% s (AO)_ ° tho,dom(opo) )
= (i/L’Ao partial alglebra homomorphism, Def. 2.1.3)
a0 cod(op®) © OPa0 = Vi (49),cod(op) © OPVi, ¢ (A9)
= (assumption Vi, 4 (A") = Vi, s (B"))
th DS (BO):COd(OP) © opv; DS (B%) = h’fBO,cod(opO) ° Op/BO
= (h/go partial algebrahomomorphism, Def. 2.1.3)
Op/hg s (B9 ° héo,dom(opo)
= (restriction of operations, Def. 2.2.2)
OprD S (h([))s (BO)) e} th

DS (BO)7d0m(Op)

hOO-om op O hoo-om o )
Dom(op;Lg . (AO))M bom(op;,o) = Dom(op'go) BMDOW(OZ’%% . (BO))

0 0
OPhg (A 0) (=) op3 0=0p] 0 (=) Png < (89

h/DS(A/)cod( D) QO— A/ B

= / /h/ B/)
cod(op) cod(op) ~, o D ( cod(op)

Figure 2.10: Restriction of data state homomorphism A/, ¢
The state homomorphism A'so ,,,,(op0) = 1150,dom(op0) 1S SUIjECHIVE ON

the operation domain Dom(op}, S(A")) = Dom(op}, S(B"))’ because
D D
state homomorphismspresene domains. Hence,the neededequality
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follows immeditately:

OPVig s (h) 5 (A7) © h;&o,dom(opo) =
/

oPvi DS (h% s (BY) © hBO,dom(opo)

/

== (hiAO,dom(opO) = hBo,dom(opo) SUI’jeCtive)

OPVi [ (h 5 (A%) = OPVi o (h§ 4 (BY)

Homomorphism  Prop erties: The properties, we needto shaow, are the iden-

Compatibilit

tity of dynamic sorts, the h4 being partial algebra homomorphismsand
the identity of dynamic operation domains. Since Mpg consistsonly of
forgetful functor imagesof Mg, we can always assumethe data states
A€ Mpgto be A= Vy, (A") for someA’ € Mp.

e First we show, that the identit y of dynamic sortsin hpg(A) isimplied
by the identity of dynamic sorts for h’,4(A’). Here we need the
requiremert, that fps maps dynamic sorts to dynamic sorts.

Vs€ pss\ brs,fpss(s)=s"

hps(Vip s (A1) s

(restriction of data state homomorphism, Def. 2.2.6)
VfD s (hIDS(AI))s

(partial algebrarestriction, Def. 2.2.2)

hpg(A") s

(s"€ 'bss\ prs Def 2.2.4and2.1.8)

Al

(partial algebrarestriction, Def. 2.2.2)

VfD s (Al)s

e The partial algebra homomorphism h4: A — hps(A) can be con-
structed as the restriction Vi, ¢ (h/4o: A’ — h/54(A’)) according to
De nition 2.2.3.

e For the presenation of operation domains we needthe compatibilit y
of fps with dynamic operations and the presenation of operation
domains for h/,¢(A").

Yop € Dpsop\ DT,0p, fDS,0p(0D) = 0P

hvi o (49),dom(op)(Dom(opy; | _ (a0)))
(restriction of data state homomorph., Def. 2.2.6)
Vios (h;‘o) dom(op)(Dom(Opr bs (AO)))
(restriction of oper. and hom., Def. 2.2.2and 2.2.3)
ho,dom(opo) (Dom(opho))
(o' € ps.op\ Dprop Def. 2.2.4and 2.1.8)
/
Dom(-ophg . (Ao)) _
(restriction of operations, Def. 2.2.2)
Dom(opv; | (8 5 (4%)))
(restriction of data state homomorph., Def. 2.2.6)
Dom(ophD s (Vip s (AO)))

y with Comp osition: Without lossof generality we also show
the compatibilit y of restriction with composition only for states Vy, ¢ (4'),
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sincefor all data statesin Mpg there exists such an A’ in M},q:

ReStTfD s (h/DS o ng)(VfD s (AI))

= (restriction of data state model hom., Def. 2.2.6)
Vios (Wps 0 gps(A))

= (composition of data state model hom., 2.1.9)

Vios (Wps(9ps(A))
= (restriction of data state model hom., Def. 2.2.6)

ReStTfD s (h/DS)(VfD s (g/DS(AI)))
= (restriction of data state model hom., Def. 2.2.6)
Restr g, s (hpg) o Restr g, s (9ps)(Vio s (A7)

Compatibilit y with Iden tities: Again we show this for data statesVy, ( (A’):

Restr s, s (idug ) (Vi s (4))
= (restriction of data state model hom., Def. 2.2.6)
Vio s (idng (A7)
= (identity of data state models, 2.1.10)
Vips (A)
= (identity of data state models, 2.1.10)
idRestrf bs (Ib[g s )(VfD s (AI))

Hencethe restriction of data state homomorphismsis well-de ned, satis es the
homomorphism properties and presenescomposition and identities.

2.2.3 Transformation Layer

For transformation and processsymbols, we have not only domain sorts, but pa-
rameter variables. This leadsto parameter mappings, which give the possibility
to have additional parametersand parameter identi cations in atransformation
signature morphism.

De nition  2.2.7 (T ransformation  Signature Morphism)

Given a data state signature morphism fps: ps — g and two correspond-
ing transformation signatures( ¢, in, out) and ( /.., in, out), a transformation
signature morphism fry:( rr,in,out) — (., in, out) isatriple (frr, fin, fout)
with a function fr,: 7. — /., which assignsto eat transformation symbol
t € . atransformation symbol fr.(¢t) € 7., and two families f;, and f,.
of function families f;,:in(t) — in(fr-(t)) and foue: out(t) — out(fr-(t))
assigning parameters of fr,.(t) with matching type to the parameters of each
transformation symbol t € .

fTT: ( Trs inv O’U,t) - ( ITW inv O’U,t) = (fT’!') fina fout)
with  fr.: o — I,
(fin(t) : Zn(t) - Zn(fTT(t))) teXT
finty = (fin@),s- (1) s — in(frr(t)) fo 55 (s)) s€50 s
(fout(t)- out(t) — out(fr.(t))) tes;,
Jout(t) = (fout(t),s out(t)s — out(fr,(1) fo 6.5 (s))seSpss
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For eadh transformation symbol ¢ of 1., we obtain arestriction function, which
constructs the transformation stepsof ¢,, for a given transformation fr,-(t) pso.

Denition and Fact 2.2.8 (T ransformation Expression Restriction)
Givenatransformation signature morphism fr,:( 7., in,out) — ( /., in,out),
a transformation symbol ¢t € 7, with fr.(¢) = ¢’ and a data state model
Mpg for  ’hg, the tranformation restriction function Ry, . assignsto eadh
transformation expressionfor ¢ and M}, a transformation expressionfor ¢
and Restry, s (Mp,g) dened by the forgetful functor on the data states and
concatenation with the mappings for the parameters.

Ry, :TrExpr(Mpg,t') — TrExpr(Restrg, s (Mpg),t)
with Ry i(tho po(a’, b)) = tvi . (a0, o (89" © fin(t): 0" © four(s))

Pro of: The statesVy, ¢ (A") and Vy, , (B’) are contained in Restry, s (Mpg) by
de nition.

The correct functionality of the parameter assignmets is ensuredby the sort
compatibility of f;,) and f,..() asshown in Fig. 2.11.

. fin (t);s /. foul (t):s
n(t)s —/m(t’)fm;S (s) out(t) s —/oulf(lf')fm;S (s)

o a?DT;S (s) 0\ b?DT;S (s)
(aofin (1y)s & (b0 fout (1) )s &
Y Y
As = AfDT;s (s) Bs= By (s)
(a) Input parameters (b) Output parameters

Figure 2.11: Restriction of transformation parameters

Now the restriction for transformation models is obtained by restricting the
transformation expressionsin ead transformation.

De nition and Fact 2.2.9 (T ransformation Mo del Restriction)

Given a transformation signature morphism fr,:( 7r,in,out) — (7., in, out)
anda 7, -model M., the restriction of My, isa r.-model Restry, (Mp,) =
Mr,., which contains for eac transformation symbol ¢ € 7, the restrictions of
all transformation stepsof fr,(t) po.

Restry,, (Mp,) = Mrr = (tm)ies:,
with ¢ = Ry, (s po(@' 1)) | o pol@, ) € frn(t)are

Pro of: Since,transformations are only demandedto be subclassesof the corre-
sponding transformation expressionsby Def. 2.1.12,the restriction is obviously
a transformation model, sincethe restrictions of transformation stepsare trans-
formation stepsdue to De nition and Fact 2.2.8.

By extending this construction to transformation sets, where expressionsfor
transformation symbols, which are not in the image of fr,. are forgotten, we get
a graph homomorphism betweenthe DSTSs.
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De nition  2.2.10 (Restriction-Induced DSTS-Homomorph.)

Given a data state signature morphism fps: ps — ’pg, a transformation
signature morphism fr.:( 7y, in,out) — ( 7., in,out), a '-DSTS Mpgrg
and the corresponding -DSTS Mpgrs, fMBSTs "Mporg — Mpsrs is agraph
homomorphism between the DSTSs, given by the forgetful functor V¢ on
nodesand the extensionof the transformation restriction Ry, to setson edges.

o, Mpsrs — Mpsts
with  fag ., (A) = Vipo(4)
fMIgSTS (T,ILXO,BO) = { RfTr -,t(t;!o,BO(a’/v b/)) |
fTr(t) = t/a t;lo,BO(a/a b/) € T,/4°,B° }

To get the restriction of transformation homomorphisms,which is uniquely de-
termined by the underlying data state homomorphism, we just needto have
compatiblity of the homomorphism and restriction constructions.

Denition and Fact 2.2.11 (Transformation Hom. Restriction)

Given a transformation signature morphism fr,:( 7r,in,out) — (7, in,out)
and a /..-homomorphism h/..: MY, — Nk, the restriction of hl.. isa .-
homomorphism Restry, . (h%,.) = hry: My, — Np, between the restrictions
My, = Restry,  (M},) and Ny, = Restry, (Nr,) assigningto the restrictions
of transformation stepsin M7, the restrictions of the imagesunder A7,

Restry,, (hyp,: My, — Np,) = hep: Mp, — Npp
with ht(Rf-r . ,t(f{Ao_’Bo(al, b/)) = RfT . ,t(hgo(ﬁ{Ao_’Bo(al, b/))

The restriction is compatible with composition and identities:

Restry, . (Wi, o g&,) = Restry,, (hlp,.) o Restry,  (g7,.)
and R@St'l"f.rr (ZdM'(r)r ) = idReSt’!'fT . (]\/I‘Il')r )

Pro of: It su ces to show the compatibilit y of homomorphismsand restrictions,
i. e. the commutativit y of the diagram in Fig. 2.12, becausethe transforma-
tion restrictions are de ned in terms of Ry . and, hence, the imagesof the
restriction are well-de ned, if they are compatible with Ry, , ;.

0

/ ho 4,
MO N©
RfTr it (:) RfTr it
tym h—/tN
t

Figure 2.12: Restriction of transformation homomorphisms

37



2.2. SIGNATURE MORPHISMS AND RESTRICTION CONSTRUCTION

RfT r 7t(h;£°(ti4°,30(ala b/)))
= (transformation homomorphism, Def. 2.1.16)
RfTr 7t(t/hg s (AO),hg s (BO)(h/AO o a/7 h/BO ] b/))
= (restriction of transformation expressionsDef. 2.2.8)
Eig o (18 s (A9),Vi g o (h] o (B9) (Rlgo 0 0, higo 0 B)
= (restriction of data state homomorphisms,Def. 2.2.6)
thos (Vig s (49).ho's (Vig o (8) (i ¢ (a0) © @y P (39) 0 )
= (transformation homomorphism, Def. 2.1.16)
ha(tvi o (49w, ¢ (B0 (@, D)
= (restriction of transformation expressionsDef. 2.2.8)

ht(RfT r -,t(tiélo,Bo(a’/v b/)))

Since, transformation homomorphismsare unique w.r.t. the underlying data
state homomorphism, the equalitites for the compatibilit y with composition and
identities follow directly from the corresponding compatibilities on the data state
layer.

2.2.4 Process Layer

Sincethe syntax of processsymbolsis similar to that of transformation symbols,
we also obtain a similar notion of signature morphism.

De nition  2.2.12 (Pro cess Signature Morphism)

Given a data state signature morphism fps: ps — ’»g and two corresponf-
ing processsignatures( p,,in,out) and ( '»,.,in, out), a process signature mor-
phism fpr:( pr,in,out) — ( 'p,.in,out) is atriple (fpy, fin, four) With afunc-
tion fp,: pr — ., Which assignsto ead processsymbol p € p, a pro-
cesssymbol fp.(p) € 5., and two families f;, and f,,; of function families
Fintey:in(p) = in(fpr(p)) aNd foutz): out(p) — out(fpr(p)) assigning param-
eters of fr.(p) with matching type to the parameters of ead transformation
symbol p €  p,.

fpr:( pryin,out) — (b, in,out) = (fpr, fin, fout)
with fp,.: Pr — /Pr
(fin(p): in(p) — in(fpPr(P))) pese .
fln(p) = (fin(p),s: Zn(p)s - Zn(fPT(p)) foss (S))SGED s:s
(fout(p): Out(p) - OUt(fPT(t))) PEXp ¢
fout(p) = (fout(p),s: OUt(p)s - OUt(fPT(p)) fos:s (s))sEED s:s

We also obtain a similar notion for the restriction of processexpressions.

Denition and Fact 2.2.13 (Pro cess Expression Restriction)

Given a processsignature morphism fp,:( py,in,out) — ( 'p,.,in, out), a pro-
cesssymbol p € p, With fp.(p) = p’ and a data state model M}, for g,
the process restriction function Ry, , assignsto ead processexpressionfor p’
and M4 a processexpressionfor p and Restry, ¢ (Mpg) de ned by the for-
getful functor on the data states and concatenation with the mappings for the
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parameters.

Ry, pi PrExpr(Mpg,p') — PrExpr(Restrg, s (Mpg),p)
with RfP v 710(p£407B0(a/7 b/)) = Py bs (A9 Vips (BO)(a/ © fin(p)7 b' o fout(p))

Pro of: Similar to De nition and Fact 2.2.8.

The restriction of a processmodel is now constructed similar to transformations,
for the processeshemselwes. For the RSTS, we take the identity, becausewe
have no syntactical hint, how to restrict the structure inside the graphs. The
occurencesetsare obtained by taking the union of the occurencesetsfor all pro-
cessexpressionddenti ed by the restriction and then concatenatingall of them
with the DSTS-homomorphisminduced by the data state and transformation
restriction.

De nition and Fact 2.2.14 (Pro cess Mo del Restriction)

Given a processsignature morphism fp,:( py,in,out) — ( 'p,,in,out) and a
'o.-model M4, the restriction of My, isa p.-model Restry,, (Mp,) = Mp,,

where the RSTSsfor the processsymbols in  p,. are given by the RSTSs for

the imagesin ', the processesare constructed like the transformations on

the transformation layer and the occurrencesare constructed by concatenating

the occurrencesof the image processwith the induced DSTS-homomorphism.

Restry, . (Mp,) = Mp,

Wlth Mp = M}Pr (p)

P = Ry, p(Plho po(a’, b)) | plao po(a’, ') € fpr(p)are

Ocen, (pa,p(a,b) = { fumgg,, oocc | fre(p) = D',
oec’ € Oceags, (0l pola’ V) )

Pro of: We have to show that the restriction is a proper processmodel, which
consistsof the processedeing correct similar to De nition and Fact 2.2.9, the
RSTSsbeing obviously RSTSssincethey are identical, the correct functionalit y
of the occurencesshown in Fig. 2.13 and the occurencesmapping pathes from
initial to nal reactive statesto pathesfrom initial to nal data state:

El’LEIMO :IM EfEFIWO
fpr(p) P fp
occ' (1) = A, occ (f) = B,

= F:
r (p) Mp

Bue, o =P
i—
== (restriction of DSTSs, Def. 2.2.10)
di € IMPEf S F]\/[p:
g o, (0cc (D) = Vig s (A, fasg . o

EMp

(occ(f)) = Vio s (B,

(3
<= (restriction of occurencesDef. 2.2.14)
di € IMPEf S F]\/[p:
oce(i) = Vio o (A), 0cc(f) = Vio o (B),
E

i—2 1y
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0
= occ [ 51
Gy = Garp, Mpsrs

fMO

DSTS

occ
[

Mpsts

Figure 2.13: Restriction of occurences

The restriction of processhomomorphismsis de ned on the onehand, for graphs,
like the restriction of data type homomorphisms, by just forgetting the graph
homomorphismfor additional symbols, on the other hand, for processessimilar
to the restriction of transformation homomorphisms.

Denition and Fact 2.2.15 (Pro cess Homomorphism Restriction)
Given a processsignature morphism fp,:( pp,in,out) — ( 'p,.,in,out) and a

's.-homomorphism k', : M, — Np,., the restriction of b5, isa pr.-homo-
morphism Restry, (k') = hpy: Mp, — Np, betweenthe restrictions Mp, =
Restry,, (Mp,) and Np, = Restry,, (Np,). It consistsof the graph homomor-
phisms for the image processsymbols and processexpressionmappings con-
structed similar to the transformation restriction.

Restry,, (Wp,: Mp, — Np,) = hp,: Mp, — Np,
with  Mp, = Restry, . (Mp,), Np, = Restry, (Np,.)

hGp - h/GfPr(P)
hp(Bo p(Plao,po(@’,01) = Rip . p(hio(pgo pola’, b))

The restriction is compatible with composition and identities:

Restry,  (Wp,. 0 gp,) = Restry, (hp,) o Restry,, (g5,
and R@Strfpr (idlbfgr ) = idReStT'f o, (MS)

Pro of: We have to show the homomorphism properties of the restriction and
the compatibilit y with composition and identities.

Homomorphism  Prop erties: Showing that the restriction is a proper ho-
momorphism consistsof the h¢, being graph homomorphismspreserving
initial and nal states, the h, being proper processexpressionmappings
and the existenceof an occurrencefor the image of eat processexpression.

e Sincethe graph homomorphismsare identical to the corresponding
onesin h'p,., presenation of initial and nal statesis inherited from
R,

e For the processxpressionghe proof is similar to the oneof De nition
and Fact 2.2.11.

e We still have to show. that the existenceof an occurencefor a pro-
cessexpressionimplies the existenceof an occurencefor the image
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expression(seeFig. 2.14):

Jocenr € Ocen, (pa,s(a, b))
== (restriction of occurencesDef. 2.2.14)
Jocepo € OCCMfOp ® (Plao po(a’, "))
with occpr = frg o, s ©ocenro
for somep/so go(a’, ')
with Ry, ,p(plAO,BO(a’/a v)) = pA,B(aa b)
== (h/p, processhomomorphism, Def. 2.1.24)
Jocepo € OCCNfOP o (hyp (g0 po(a’, b))
== (restriction of occurencesDef. 2.2.14)
AfNosrs 0 0ceno € Ocen, (Rpo , p(hip(plao pola’, b))
== (restriction of processhom., Def. 2.2.15)
Joceny € Ocen, (hyp(pa,s(a,b)))

ocem

. fuo $
ocecy 0

— o M [ psTy

G, Gprr(p) Mpsrs Mpsrts
0 |
hGp_thPr(P) RS sts hosts

Gpn. = Gpo _ In _

Np Nib ¢ (bbéey o NDSTSfNDSTS ]V:DSTS

ocen

Figure 2.14: Restriction of processhomomorphisms
Compatibilit 'y with Comp osition and Identit y: Compatibilit y with com-
position and identities can be shown for the graph part like for the data

type restriction with graphsinstead of carrier sets, and for the processes
like for transformations.

2.2.5 Integration

Now we combine the signature morphisms and restriction constructions on the
di erent layersinto integrated notions.

De nition 2.2.16 (In tegrated Signature Morphism)
Given two integrated signatures and ’, an integrated signature morphism
fi — / consistsof

e a data type signature morphism fpr: pr — 'pp asin Def. 2.2.1,

¢ adata state signature morphism fps: ps — g W.r.t. fpr asin Def.
2.2.4,
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e atransformation signature morphism fr,:( 7r,in,out) — ( 7,.,in, out)
w.r.t. fps asin Def. 2.2.7 and

e a processsignature morphism fp,:( py,in,out) — ( 'p,.,in,out) W.r.t.
fps asin Def. 2.2.12.

In contrast to the integrated de nition of model (Def. 2.1.28), we do not haveto
demandthe compatibilit y of the layersin the de nition of integrated restrictions,
sinceit results from the compatibility in the unrestricted model.

Denition and Fact 2.2.17 (Integrated Mo del Restriction)
Given an integrated signature morphism f: — ’and a ’-model M’ the
restriction of M’ isa -mo del Restry(M') = M consisting of

e the data type restriction Mpr = Vi, (M}) asin Def. 2.2.2,
e the data state restriction Mpgs = Restrys, ; (M}g) asin Def. 2.2.5,
e the transformation restriction My, = Restry, (M},.) asin Def. 2.2.9and

e the processrestriction Mp, = Restrys,, (Mp,) asin Def. 2.2.14.

Pro of: M is a proper -mo del, sincethe restrictions on the layers are proper
models, as shown in the corresponding subsections.

For the restriction of homomorphisms,we also integrate the compatibilit y with
composition and identities, which is neededfor the functor properties of restric-
tion in Theorem 2.2.19.

Denition and Fact 2.2.18 (In tegrated Homomorphism Restriction)
Given an integrated signature morphism f: — ’and a ’-homomorphism
Rh:M' — N’ the restriction of b’ is a -homomorphism Restrg(h') = h: M —
N, where M = Restry(M’) and N = Restr¢(N’), consisting of

e the restriction hpr:Mpr — Npr = Vi, (Wpr:Mpy — Npp) of the
data type homomorphismasin Def. 2.2.3,

e the restriction hps: Mps — Nps = Restry, s (hpg: Mpg — Npg) of the
data state homomorphismasin Def. 2.2.6,

e the restriction hp,:Mp, — Np, = Restry, (b, M7, — NI.) of the
transformation homomorphismasin Def. 2.2.11and

e the restriction hp,: Mp, — Np, = Restry, (hp.:Mp
processhomomorphismasin Def. 2.2.15.

— Np,) of the

T

The restriction is compatible with composition and identities:

Restr¢(h' o g") = Restr¢(h') o Restr(g')
and Restr(idapo) = idRgestr, (M)
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Pro of: his aproper -homomorphism, sincethe homomorphismson the layers
are proper homomorphisms,as shown in the corresponding subsections.

As the main result of this section, we get the following theorem, interpreting the
restriction construction for a signature morphism as a functor from the model
category of the secondsignature to the model category of the rst one.

Theorem 2.2.19 (Restriction Functor)
The restriction construction for an integrated signature morphism f: — '
forms a functor Restr¢: Mod( ') — Mod().

Pro of: The necessaryproperties of a functor are exactly the compatibilit y with
composition and identit y, provenin De nition and Fact 2.2.18.

2.3 Integrated Signature Specication Frame

Speci cation framesare a conceptfor the formulation and classi cation of struc-
tural aspects common to many formal speci cation techniques introduced in
[EGR94]. A speci cation frame de nes a category of abstract speci cations and
a model functor assigningmodels and forgetful functors to abstract speci ca-
tions and abstract speci cation morphisms.

Denition 2.3.1 (Specication Frame [EGR94 ])

A specification frame SF = (ASp ec,Cat) consistsof a category ASp ec, called
category of abstract specifications, and a functor Cat: ASp ec — Cat, called
model functor.

With the signature morphisms and the restriction construction, we can ex-
tend the classof all integrated signatures to becomea category IntSig and
the assignmen of model categoriesMod() to becomea contravariant functor
Mod: IntSig °» — Cat . Hence,we get a speci cation frame IntSigSF.

Theorem 2.3.2 (Integrated Signature Specication Frame)
The category IntSig of integrated signatures and integrated signature mor-
phisms, together with the functor Mod: IntSig ° — Cat de ned by

Mod() (the model category asin Theorem 2.1.32)
Mod(f: — )= Restry:Mod( ') — Mod()
(the restriction functor asin Theorem 2.2.19)

forms a speci cation frame, called specification frame of integrated signatures
IntSigSF.

Pro of: We have to show that IntSig is a category and Mod a functor.

IntSig Category: For IntSig being a category, signature morphisms have to
be closedunder composition, which is assiative, becauseit consists of
functions, for which the composition is assaiative.
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For the algebraicsignatureson the rst two layers,we havethat domogo,o
fop = (gs)* odomo fo, by the compatibility of g and (gs)* o domo fo, =
(gs)* o (fs)* o dom by the compatibility of f, and analogouslyfor cod.

On the other layersthere are no compatibilit y requiremerts, but just func-
tions, which can be composedstraightforward.

Moreover there have to be neutral identities, which is the case,because
the morphisms consisting of identities in all parts are compatible with the
domains and codomains.

Mod Functor: Now shawing that M od is afunctor consistsof the compatibilit y

with composition and identities.

There are basically two kinds of restriction constructions, on the onehand,
for carrier sets, operations and RSTSs, the exact model elemert for the
imagesymbol is taken, on the other hand, for data states, transformations,
processesand occurences,an inner restriction is applied to the model
elemen. The rst kind can be seenas a special caseof the secondone,
where the inner restriction is the identit y.

Therefore, without loss of generality, we only have to shaw the properties
for the following genericversion of the construction:

RestTf(M/)x = {Rf.,x(X/) | X' e M}(z)}

Here, x is a syntactical symbol, and Ry, is the inner restriction. The
X' are the elemerts of the carrier sets,the operation applications (single
tuples in the operation graph), resp. the nodes and edgesof the RSTSs
for the rst kind of restriction, for the secondkind it are data states,
transformation or processexpressionsor occurences.

Preserv ation of Comp osition: We have to show:

Restryoy = Restry o Restry

For the left hand sidewe get by applying the genericrestriction above:
n

0]
ReStTgof(MH)x = Rgof,z(X”) | X" e M;/of(a:)

For the right hand sidesequettial application of the restriction yields:
Restrp(Restrg(M")), =
an,z(Xl) | X' € ﬁestrg(M”)f(I) =
0 R (X') | X' € Rg,f(z)(X”) | X’(’)e M"

o(F (@)
Ry a(Ry 1) (X)) | X7 € M40

Since g o f(x) = g(f(x)) by de nition of function composition, for
both sidesto be identical, we get the sucient but not necessary
property, that the inner restriction satis es:

00

Rgofe = Rfz 0 Ry f(x)

For the identities this is obvious. For the data states, the inner
restriction is the fogetful functor for partial algebras,which in turn
satis es the property, becauseits inner restrictions are identities.
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For transformation and processexpressions,we get by applying the
de nition and the fact, that partial algebrarestriction is a functor:
Ryoy,x (9(f(2)) A% Boo(a, b)) =
TVips 105 (AM.Vep s 19 (89)(a;0) =
TViy s (Vap s (A9)Vig g (Vap s (499) (@, 0) =
Ria f@)viy g (40, vip s (a)(a: D) =
Ry Ry g2y (9(f(x)) a0 poo(a, b))
Finally, for occurrencesthe inner restriction is concatenation with

famo ., which in turn consistsof V¢, and Ry, ., whenceit satis es
DsTs’' | . DS Tr
the restriction properties:

. 1 1
Ryoyp occ: Mg(f(p)) — Mpsrs
(90 flme,, , oocc: My, — Mpsrs =
fMIgSTS O gms, ¢ © OCC Mp — Mpsrs =

Rpp gugy,, cocc: My — Mpgrg =

Rip Ry occ: M, — Mpgrg

Preserv ation of Iden tities: Here, we have to show:
Restriq = idproq(s)
The left hand side yields, with the genericrestriction:
Restriqg (M), = Rig (X) | X € Mg ()
The right hand side with the de nition of model identities leadsto:
idproas) (M) = My
Now, sinceids(x) = x, we obtain asa sucient but not necessary
property for the equality of both sides:
Rig (X)=X

For sorts, operations and RSTSsinner restrictions are identities by
de nition. For data states, we can again recursively argue, that inner
restriction is the partial algebraforgetful functor, whoseinner restric-
tion is identit y, and, hence,the forgetful functor for ids, . mapsdata
states identical.

It remains to shaow that restrictions of transformation and process
expressionsand occurences,are identities. For the expressions,we
again recurseto the partial algebra forgetful functor:

Ria 2 (za,B(a,b) =

Ty s AV o) a0) =

x4,8(a,b)
The DSTS homomorphism, with which occurencesare concatenated
by inner restriction, is the identity, since Viy ,s and R;q ., are
identities:

Riq p(oce) =

ids,Mpsts ©0CC=

idpp g1 © 0CC = oOce
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In tSig ! I
iy OD (o] /
IntSig 7
Mod l T W
cat  Mod() &= Mod( ')

Figure 2.15: Integrated signature speci cation frame

Hence, IntSig is a category, Mod a contra-variant functor and IntSigSF a
speci cation frame.

The speci cation IntSigSF encapsulatesall notions introducedin this chapter,
signatures, model categories,signature morphismsand restriction functors. The
relations betweenthese notions are summarizedin Figure 2.15.
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Chapter 3

Structuring Concepts

In this chapter we will intro duce meansto structure large integrated signatures
and models by union and amalgamation (Section 3.1) and refinement and ab-
straction (Section 3.2).

Both constructions are new and have not been consideredfor the integration
framework in [EO01a, EOO1b, EOBT02h] sofar.

We will not prove the constructions in this chapter formally, but only give
informal argumerts, that they satisfy the neededproperties.

3.1 Union of Signatures and Amalgamation of
Mo dels

Union (on the syntactical side) and amalgamation (on the semartical side) are
meansto compose signatures and models with common parts. The common
subpart is given by a signature ° with morphismsinto both signatures ' and

2 that are to be composed. Then the union is constructed as the pushout
object 2 in Fig. 3.1(a).

Two models M* € Mod( ') and M? € Mod( 2) can be amalgamated, if the
restriction M° € Mod( °) to the common subsignature is the samefor both
models, leading to a model M3 € Mod( 3) sud that the restriction to ! is
M and the restriction to 2 is M? (seeFig. 3.1(b)).

The notion of amalgamation, asit is usedfor examplein [EM85] and [EGR94],
normally includesthe assumption,that the amalgamationis unique, and, hence,
the modelsof 3 can be decomposedinto their restrictions to ' and 2, such
that the original model is retrieved by re-amalgamating the restrictions.

In this sense,our amalgamation is only a \w eak" amalgamation, becausethe
uniguenessand decomgposition properties are not fulllled. We will seethe
reasongfor that in the corresponding subsectionshamelyin Subsection3.1.2and
3.1.3. In the following we will just write \amalgamation”, whenour weakversion
is meart, and \strong amalgamation”, when uniquenessand decomposition are
full lled.
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0
V K esfy Yﬂf 2
1 2

(PO)
ku % Restr\ Atr 2
3
(a) Union (b) Amalgamation

Figure 3.1: Union and amalgamation

Moreover, we only get amalgamations for signature morphisms, which are in-
jective on transformation and processsymbols, becausethe inner restrictions
could otherwise lead to incompatibilities.

Again, we will rst look at the layers in detail and then, in Subsection3.1.5,
combine them to the integrated notions.

3.1.1 Data Type Layer
The union of data type signatures depicted in Fig. 3.2, which is a pushout of

algebraic signatures, can be constructed by pushouts in Set for the sort and
operation symbol sets.

1
. DT,Op

1 1
fDT;O [ gDT;O p
dom | | cod

$
3
1 . DT,Op
(91 S )
dom | | cod
2 $
gb -
( 0 )* 2 pToP ( 3 )*
DT,S DT,Op . DT,S
) dom | | cod )
(fDT;S) (gDT;S)
$

( Drs)

Figure 3.2: Union of data type signatures

Denition  3.1.1 (Union of Data Typ e Signatures)
Given data type signatures %, 1. and 2. with data type signature mor-
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phisms f5.: 9. — Loand f3;: % — %, the union of L. and %,
over 9, isapushout ppUse  Hyp = oy in the category AlgSig con-
structed by pushouts of the symbol sets:

3 - 1 U 2
DTS~ DT,SYS}:s DT,S
3 | Uso 2
DT,Op DT,Op “¥p10, DT,Op

The morphisms gi,1 5 —  Hp for i € {1,2} consistof the functions g5, ¢
and QBT,op given by the pushout constructions for the symbol sets. The do-
main and codomain functions are given by the translation of the corresponding
domain and codomain functions in 1, and %,.

dom(gpr.0,(00") = (9pr,5)" (dom(op*))
cod(gpr,0p(0p*)) = (9pr,s)" (cod(op"))

An amalgamateddata type is constructed by taking for a symbol z in %, the
model elemerts of M}, and/or M3 for symbols, which are mappedto z. This
construction works, because,if there are multiple symbols, which are mapped
to z, then the pushout property ensures,that they are the imagesof symbols
in 9, for which the model elemerts in the restrictions have to be identical.

On the other hand this immediately ensures,that the restrictions of the amal-
gamationto L, resp. %, againyield M}, resp. M?,. On this layer we
obtain a strong amalgamation, where the restriction to ! and 2 leadsto a
decomposition of models, becausethe model elemers are kept identical by the
restriction aswell asthe amalgamation.

Denition  3.1.2 (Amalgamation of Data Type Mo dels)

Given a union of data type signatures,a L ,-model M}, and a %,-model
M2, such that VféT(M})T) = MY, = VfST(M%T), the amalgamation of
M}, and My over Mpris a  §p-model Mpp + 0 Mpp = Mp,, which
is constructed by taking the carrier sets and operations of M}, and M3,
respectively for symbols who are assignedto corresponding symbols of L,
and %4..

Ml%)T * Mg, MI%T :1 ZW%T 3 1 1
. M if s°=¢g (s%)
with M3, = 5 DT.S
CT ML i s = ghr o(s?)
opyp it 0p* = ghp o,(0p")

P = 2 it o = o2 2
opype it op® = gihr o,(0p7)

We can also apply the amalgantion construction to homomophisms of data
types,leading to amalgamated homomorphismsbetweenthe amalgamations of
the corresponding sourcesand targets.

De nition  3.1.3 (Amalgamation of Data Type Hom.)

Given a union of data type signatures, a L ,-homomorphism hl,,.: ML, —
Npp and a  7,p-homomorphism i Mp — Npp, sud that Vs (hpy) =
hpr = Viz_(hhyp), the amalgamation of hpp and hi,p, over hiyp is a G-
homomorphism ij,p. + o hihy = hiy, Which is constructed by taking the sort
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functions of hk, and h%, respectively for sort symbols who are assignedto
corresponding symbols of L. and 2%,

1 2 — 73 .73 3
hpr*ny. hpr = Wppi Mpr — Npp
; 3 2 a1 2 3 - a7l 2
With My = Mbp+ye Mip, Nbp = Nbp+no Nip
1o 31 1
hy if s° = gDT,s(S )

3, = 2 i 3— 2 2
s hZ, if s° = gDT’S(s)

3.1.2 Data State Layer

On the data state layer, there is just another algebraic signature, so we can
take the same construction as above. Since pushouts are only unique up to
isomorphism, we have to take care, that the pushout signature on the data type
layer is a subsignature of the pushout signature on the data state layer.

Denition  3.1.4 (Union of Data State Signatures)

Given a union of data type signaturesand corresponding data state signatures
bs: ps and  hgwith morphisms f,g0 55 — pgand fist hs — b

the union is again a pushout j,5Uso . Hg = oy in the category AlgSig ,

where we selecta pushout, such that %, C 3.

Here is one of the points, where the weaknessof our amalgamation is rooted.
The data state classesM},¢ and M3 can both contain sewral data states
with the samerestriction in M/2,. Now we construct the maximal model where
ewvery pair of tting data states from M}, and M3 is amalgamated, but a
model where there are only a few of theseamalgamationswould yield the same
restrictions, as long as there is at least one data state in M3 for ead data
state in M},q or M3.

Denition  3.1.5 (Amalgamation of Data State Mo dels)

Given a union of data state signatures,a },g-model M}, and a % s-model
M%S,l such tha’[zRestrfé . (5\41175) = éWLO)S = Restqfs . (M3 ), ;he amaégamatz_’on
of Mpg and Mpg over Mpgisa pg-model Mpg + 0 Mpg = Mpg, which
consistsof all possibleamalgamations of the data states from M}, ¢ and M?.

Mpg+ e, Mpg= Mpg
with Mpg={ Al+ 40 A2| Al € M}q, A% € M3,
A% = Vi (AY) = Vi _(A%) € Mpg }

Again this construction can be extended to homomorphisms, since the con-
struction of the data state models ensuresthat every data state in M3 is
constructed from data states of both sides, for which the homomorphism im-
agescan be amalgamated, which yields the homomorphism image also being
included in M3 .

Denition  3.1.6 (Amalgamation of Data State Hom.)

Given a union of data state signatures,a },s-homomorphism hl,o: Mjo —
Npg anda  Hg-homomorphism hi,g: M7 — Npg, sothat Restrp (hpg) =
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h%g = Restryz (h%5), the amalgamation of hi, ¢ and h% ¢ over K% g isa % -
homomorphism h}, ¢ + hY o h%¢ = h%,s, which maps the amalgamationsof data
statesto the amalgamationsof the imagesunder the homomorphisms.

h}_:)s *thg S hhs = 1h:1335: Mps ? N%g ) )
with ngs - Mps +2M§S ]YIDSa{VDS = NDs;NSSQNDs
hps(A™ + 40 A%) = hpg(AY) + po _ (a0) hpg(A7)

3.1.3 Transformation Layer

The union of transformation signaturesis constructed by a Set-pushout of the
transformation symbols, wherethe parameter variablesare given by by pushouts
for common transformation symbols and by just translating the sorts of the
variablesfor transformation symbols, which stemfrom just oneof the signatures.

Denition  3.1.7 (Union of Transformation Signatures)

Given a union of data state signaturesand corresponding transformation signa-
tures ( %,,in,out), (., in,out) and ( 2, ,in,out) with morphisms £+ and
f#,, the union (' %, in,out) is constructed by a pushout %, = 1, Uso 7,
in the category Set for the transformation symbols, where the parametersare
also obtained by pushoutsin(t*) = in(t') U0y in(t?) for transformation sym-
bols in the commonpart. For transformation symbols not in the common part,
the sorts of the parametersare just translated accordingto the data state layer.

Transformations are the secondreasonfor the weaknessof our amalgamation,
becauseagain the existenceof seweral transformation stepson both sides,which
are identied by the restriction, leadsto seweral possible 3., -models, having
the same restriction. We also choose the maximal model, where all possible
amalgamatedtransformations are included.

At this point we need the injectivit y of transformation signature morphisms,
becauseotherwise we would have to amalgamate transformation steps for all
transformation symbolsidenti ed by the signature morphism, but we could not
guarantee their compatibilit y.

De nition  3.1.8 (Amalgamation of Transformations)
Given a union of transformation signatureswith a transformation symbol ¢° in
the common part and two transformations ¢},, and ¢3,, for the image trans-
formation symbols t* = f1 (t) and t* = f2 (t°), sudh that the restriction to
0 is the sametransformation Ry o(t3.) = 9,0 = Rpz y0(t3,), the amal-
gamated transformation tyn +,0 13, = t3, for the common transformation
symbol g1 (t') = t3 = g2, (¢*) in 3. is obtained by combining all transforma-
tion stepsthat agreeon the common part of the transformed data states and
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on the common parameters.

For t3 = g} .(t') = ¢2,.(t%) :

s = th +t(,3,| 0 3 =

{t?43733 ((13, b3) | t?407B0 (a’ov bO) S t?\/[07
the pi(at,0) €ty t5 pa(a®,0%) €3y,
AV = Vfés (Al) = Vsz (AQ),A?’ = Al + 40 AQ,

0 — 1y = 2 3 = 1 2

Bo = ‘ff,gs(lB ) = Végs(ff ), B> = B+ po B,
a”=a O(fin(to): a7 0 Jin(0)s

at(z') if 2® = giln(tl)(xl)

3(n3) = :
a(z”) a2(z?) if 23 = gfn(tz)(‘r2) )
b’ =b'o (olut(to) =b%o fo2ut(t°)’
o1y if 3= 1 1
b (2?) = b2($2) !f $3 _ ggw(tl)(x2) }
b*(z=) if a° = gout(tz)(x )

The lifting of transformations, which stem from only one of the sides,is done
loosely which meansthat in the added part of the data states all possible
changesare allowed to occur. This is necessaryto get the amalgamation of
processoccurrencesin the next subsection.

De nition  3.1.9 (Lifting of Transformations)

Given a union of transformation signatureswith a transformation symbol ¢! in
+..» which is not common,i. e. it is not image of a transformation symbol in the

commonpart, and a corresponding transformation ¢} .. , the lifted transformation

t3,5 for the image transformation symbol ¢3 in .. is obtained by taking all

transformation steps for which there exists a transformation step in ¢},. with

the forgetful functor imagesof the data states and the sameparameters.

For t3 = gL (') and —3t%: 3 = g2 (?) :
t?\43 = (t}wl)# =
{t?43733 (ala bl) | t}4117B1 (a’lv bl) € t}yglv
Al=Vu (A%),B'=Vu (B°%) }

Now, the amalgamation of transformation models is just constructed by the
amalgamation of common transformations and the lifting of transformations,
which stem from only one of the sides.

De nition  3.1.10 (Amalgamation of Transformation Mo dels)

Given a union of transformation signatures,a 1,.-model M}, anda 2., -model
MZ.,., suc that Restry (M31,)= MY, = Restryz (M2,), the amalgamation of
Mz, and M7, over My, isa %,.-model My, + yo Mz, = Mj,, which consists
of amalgamated transformations for the common transformation symbols and
lifted transformations for the transformation symbols from only oneof M}, and

2
Mz,

M3, = (?f?’ws)ﬁgez?.r
< thnte B 1= gh () = 63,1
with 3,5 = (t],.)% if 3= gh (t') A-3t2: 3 = g2 (t7)
(t2,2)% if 3= g%.(t%) A—-3t': 3 = gk (¢1)
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Again, this construction can be extended to homomorphisms, where the ex-
istence of the homomorphism, uniquely determined by the homomorphism on
the data state layer, is guaranteed, becausefor amalgamated transformations
all homomorphismimagesare also amalgamatedand, hence,exist in the amal-
gamation.

For the transformations from one of the sides, the lifting construction, which
includesall transformation stepsbeing restricted to transformation stepson the
corresponding sideinto the amalgamation, alsodoesthis for the homomorphism
images.

De nition  3.1.11 (Amalgamation of Transformation Homomorph.)
Given a union of transformation signatures,a 1..-homomorphism it : M} —
N, and a  7,-homomorphism h7.,.: M7, — NZ,, sothat Restrs (hp,) =
h.,. = Restryz (h%,), the amalgamation of hi, and k% over hY, isa 3 -
homomorphism kL. +,0 k%, = k.., which mapsthe amalgamations of trans-
. Tr . . .
formation stepsto the amalgamationsof the imagesunder the homomorphisms.

1 2 = 33 . 3 3
hT’l“+h-?—r hT’l“_ hTT'MTTHNTT
H 3 = 1 2 3 = 1 2
with M2, = M} + o MZ N3, = Nh +yo NZ,
3 1 1 31 2 2 1,2} —
ht3(tA1,Bl(a ab )+t20_80(a0,b0) tAZ,BZ(a’ 7b )) -

h%l (thl,Bl (ala bl)) + N (tio;s 0 (a0,b9)) hfz (tQAaBz (az, bz))

3.1.4 Process Layer

The union of processsignaturesis constructed like the union of transformation
signatures, sincethey are structured identically .

Denition  3.1.12 (Union of Pro cess Signatures)

Given a union of data state signatures and corresponding processsignatures
( %, in,out), ( %, in,out) and ( %,,in,out) with morphisms f5_and f3 ,
the union (- %,,in, out) is constructed by a pushout %, = L, Uso %, in
the category Set for the processsymbols, wherethe parametersare alsoobtained
by pushouts in(p®) = in(p') Uis0) in(p®) for processsymbols in the common
part. For processsymbols not in the common part, the sorts of the parameters
are just translated accordingto the data state layer.

Amalgamation of processexpressions,amalgamation of common processesand
lifting of processeds done exactly as for transformations. The RSTSs, which
are identical for common processsymbols, sincethe restriction is the same,are
just included identically into the amalgamated processmodel.

For occurenceswe again choose a loose amalgamation, where all graph mor-
phism, which have the corresponding restrictions, are included into the oc-
curencesets. More precisely in the caseof common processsymbols for eadh
pair of occurenceswhoserestrictions to the common part are the same,all oc-
curence morphisms, whoserestrictions are these occurencesare included. For
processsymbols from one of the sidesthe occurencesare lifted.
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De nition  3.1.13 (Amalgamation of Pro cess Mo dels)

Given a union of processsignatures a }Dr—model M}, anda % _-model M2 ,
such that Restrp (M}p,) = = Restryz (M3,), the amalgamation of M},
and M3, over M}lr isa %T-model Mp,+ o Mp, = Mp,, which consistsof the
RSTSsfor the corresponding symbols in M}, and M3, processesonstructed
similar to transformations and occurrencesets,which are constructed suc that
the restriction to the sidesyields the original sets(seeFig. 3.3).

M3, = (M3 3,ng,Ochs3 pPexs
My it p® = gp,(p')
g Mg ifp’= g5, (%
< Phptpo, Prp f p3 = gp.(0") = 95, (")
Py = . (h)F if p = gp. (") A3 p% = g3.(p?)
C(pae)? if p° = g3, (?) A =Fp'ip® = gp,(p")

. 3 _
with Mp =

Jocc? € Ochz (R z(pin(a,b))):

fM1 oocct = sz . o occ?,

3
occt = gt 4 o occ
gM Sors

occ? = gM3 o 0003 }
it p° = gb(p") = g3, (%)
{ occ: GMs — M} rs |
Jocc! € Ochl (R o (pin(a,b))):

occt = gM3 o 0003 }

OCCMp33 (PBA, pla,b) =

it p* = gb, (") A -Fp%p° = g3,(0%)
{ occ®: GM3 — Mpgrs |
Jocc? € Ochz (Rgprapz (pin(a,b))):
occ? = gMg oocc® }
it p° = g5, () A" p" = gb, (p")

8
{ occ®: GM3 — Mpgrs |
% Joce! € Ochl (Rgp pr (%, 5(a, D)),

GMll GM33 G]\/IZZ
p p p
oCC (7) OC|C3 (7) OCCZ
3 / 2
MDSTS 1 MDSTng MDSTS
DsSTs M3sy
1 0 =) 72
DSTs % MBsTs
DSTS

Figure 3.3: Amalgamation of processoccurrences

De nition  3.1.14 (Amalgamation of Pro cess Homomorphisms)
Given a union of processsignatures,a L _-homomorphism hk : M}, — N},
and a %,-homomorphism h%,: M3, — N3, sothat Restrp (hp,) = b, =

54



CHAPTER 3. STRUCTURING CONCEPTS

Restryz (h%,), the amalgamation of hl,. and h%,. over hY isa % -homomor-
phism hjp, + 9 h}, = h,, which contains the graph homomorphismsof A},
and h%,. and mappingsof the amalgamationsof processexpressiongo the amal-
gamations of the imagesunder the homomorphisms.

hp, +ng, Wy, = hp, i Mp, — N,
with MR, = M, + g, M3, Np, = Np+xg N,
W = he, 19" = gp.(p))
& g, i’ = gb.(0%)
h13,3 (P,141731 (a',0") + P20, 0 (a®0%) pizﬂgz (a®,0%) =

hllﬂ (p1141731 (al, bl)) + hgo (pi 05 0 (a®,b°)) h}272 (piz B2 (a2, b2))

3.1.5 Integration

This time we do not de ne the union of integrated signaturesin terms of the
underlying layers, but characterizeit asa pushout in IntSig .

Denition  3.1.15 (Union of Integrated Signatures)

The union of integrated signatures °, ! and 2 with signature morphisms
ft 0 — land f2 9 — 2 s a pushout object 'Use 2 = 3 with
morphisms g': ' — 3 and ¢g> 2 — 3, which can be constructed by corre-

sponding unions on the layers.

The amalgamation of integrated models and model homomorphisms can then
again be de ned layer-wise.

De nition  3.1.16 (Amalgamation of Integrated Mo dels)

Given a union of integrated signatures and integrated models M*! € Mod( 1)
and M? € Mod( ?), such that Restrp(M') = M° = Restr.(M?), the amal-
gamation of M and M? over M° isa 3-model M' + y;0 M? = M3, which is
constructed by

» the data type amalgamation Mp, = Mpp + 0 Mp asin Def. 3.1.2,
o the data state amalgamation M3, = Mg+ 0 Mpg asin Def. 3.1.5,

o the transformation model amalgamation M3, = My, + 0 M3, asin Def.
3.1.10and

o the processmodel amalgamation M3, = M}, + o Mg, asin Def. 3.1.13.

Denition  3.1.17 (Amalgamation of Integrated Homomorphisms)

Given a union of integrated signatures and integrated model homomorphisms
h*: M' — N' and hy: M? — N?, such that Restrsi(h') = h° = Restr2(h?),
the amalgamation of h' and h? over h° isa 3-homomorphism Al + 0 h? = A3,
which is constructed by

e the data type homomorphism amalgamation i3, = hh .+,
Def. 3.1.3,

9 .
o hpp asin
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e the data state homomorphism amalgamation 3,4 = hhg + ),
Def. 3.1.6,

9 .
0. hpg asin

e the transformation homomorphismamalgamation h3.. = hl.

*19, 1, as
in Def. 3.1.11and

T

o the processhomomorphismamalgamation 1, = hp,. + 9 h,. asin Def.
3.1.14.

The essetial property of amalgamationsof integrated modelsis summarizedin
the following weak amalgamation theorem.

Theorem 3.1.18 (W eak Amalgamation Theorem)
Given a union of integrated signatures and integrated models M*' € Mod( 1)
and M? € Mod( ?), such that Restrp(M?') = M" = Restr.(M?), the amal-
gamation full lls the following amalgamation property:

Restrgl(Ml + 0 M?*) = M' and Restrgz(M1 + 0 M?) = M?

The theorem is weaker then the notions of amalgamation in [EM85, EGR94],
becausewe are not able to guarantee the decomposition property of (strong)
amalgamations, M? = Restr,(M?) + 0 Restr,z (M?), since M? could be a
model, where not all of the data states and transformation steps of the (maxi-
mal) model Restrg (M?) + p0 Restr,.(M?) are presen, as already mentioned
in Subsections3.1.2and 3.1.3.

3.2 Signature Renemen ts and Abstraction of
Mo dels

Signature re nements are a more general classof signature morphisms and are
again interpreted by forgetful functors on model categoriesin the opposite di-
rection, which we will call abstractions of models and homomorphisms.

3.2.1 Data Type Layer

Re nements are allowed to map operation symbols not only to other operation
sybols, but alsoto terms with corresponding variables. Therefore, we rst have
to de ne terms for algebraicsignatures,which are build over families of variables.

Denition 3.2.1 (Terms for an Algebraic Signature)
Given an algebraic signature  and a family X = (X;)sexn, Of variables, the
family 7s(X) = (T=(X)s)sexsugay Of terms over s recursively de ned by:

Xs c TZ(X)s

op € op,dom(op) = s1...5y,cod(op) = s,
t1 € TE(X)S;[)' .oty € TE(X)sn == Op(tl, C.. ,tn) € TE(X)S
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Note, that this de nition subsumesthe special casesof constart symbols, which
are initially included in the corresponding term set, and predicate symbols,
constituting terms in Tx(X),, which can not be used in the construction of
other terms.

We will denoteby Var(t) the family of variables usedin the term t.

Normally, e.g. in [EM85], an algebra of terms with trivial operations is con-
structed, which canbe usedto characterizethe evaluation as(initial) homomor-
phisms. Since evaluation will be partial and our homomorphismsare not, we
do not apply this categorical characterization here.

For sorts we allow re nements to map static sortsto dynamic ones. This feature
is useful, if changesto a static sort becomenecessaryduring systemdevelopmert.

The terms assignedto static operation symbols, however, may not cortain dy-
namic operation symbols, which leadsto the restriction that no operation sym-
bols are allowed for static sorts re ned by dynamic ones.

Note, that the terms are not required to useall parametersgiven to the oper-
ation. This can be used, when the result of an operation in the re ned system
model doesnot depend on all its parameters.

De nition  3.2.2 (Data Typ e Signature Re nemen t)

Given two data type signatures pr and /. and a data state signature /¢
w.r.t.  'hr, a data type signature refinement rpr: pr ( br» 'bg) con-
sists of a function 7prs: prs — 'pse and a function rpro,: prop —
Ty (X), where the variables cortained in a term rpr,0,(0op) are canonically
named represernants for the parametersin dom(op) and the sort of the term is
cod(op).

TDT: DT ( br» bs)
with  rprs: prs— bs,s
rpT,0p: DT,0p — T3y (X)
rpT,0p(0p) € TEgT (X)T'DT;S (cod(op))
Var(rpr,op(op)) € {z1:7p7,5(51), -, Zn:TD1,5(50) }
for dom(op) = s1...s,

To interpret terms we introduce the evaluation of terms for a given partial
algebra, which is a partial function from the terms of a sort symbol into the
corresponding carrier set.

De nition  3.2.3 (Ev aluation of Terms)

Given an algebraic signature , variables X, a -algebra A and an assignmet
asg: X — A, the evaluation of terms is a family @sg: Tx(X) — A of functions
de ned recursively by:

asg,(x) = asgs(z) for z € X,
a—sgs(op(tl, e 7tn) = OpA(Wsl (tl)v e 7@&1 (tn))
for dom(op) = $1...8n,cod(op) = s

Similar to the domain Dom(op4) of an operation we denote by Dom(t, A) the
set of all assignmetts, for which the term ¢ is de ned.
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On the model side the assignmet of a dynamic sort symbol to a static sort
symbol is interpreted by taking the union of the carrier setsin all data states
as abstracted carrier sets. Sincethe static sorts are included in the data states
we can subsumethe statically re ned sort symbols as special caseswhere con-
structing the union over all data states, does not change anything and results
in the carrier setsof the data type.

For operation symbols the application of the operation in the abstracted model
is interpreted by the evaluation of the term, where the parametersgivento the
operation are assignedto the corresponding variables.

De nition  3.2.4 (Data Type Mo del Abstraction)
Givenadata type signaturere nement rpr: pr  ( by, pg) @ ‘pp-model
M}, and a corresponding  ,g-model M, ¢, the abstraction of (M, Mpg) is
a pr-model Abstr,, . (Mpp, Mpg) = Mpr, where the carrier sets are given
by the union of the corresponding carrier setsin M},¢ and the operations by
the evaluation of the correponding terms in M7,

Abstryg . (Mfgans) = Mpr
!

with M, = A% MY ATDT;S (s)
opm(ma, ..., my) = asg(rpr,op(op))
asg:Var(rpr,op(op)) — Mpp = {x1 — my, ...,y — my}

Strictly speaking, the data state model is allowed to be a class, not only a set,
of data states, and the union of a classof setswill not be a proper carrier set.
We could avoid this problem by assuminga universeset U, for eadr dynamic
sort s, which shall be abstracted to a static one, such that the carrier sets A,
for all data states are subsetsof U,.

For abstracted data type homomorphismswe get a construction similar to re-
striction for the statically re ned sorts, while for sort symbols re ned by dy-
namic ones, we get an inclusion of the carrier sets, becausethe requiremert,
that dynamic sorts and their imagesunder a homomorphism have to be iden-
tical, ensuresthat an abstracted sort in the secondmodel includes at least all
elemerts of the corresponding abstracted sort in the rst model.

Again, we just take the union of all homomorphism functions betweenthe data
state carrier sets, becausethis subsumesthe data type homomorphismsas spe-
cial cases.

De nition  3.2.5 (Data Type Homomorph. Abstraction)

Given a data type signature re nement rpr: pr  ( pr, pg) anda 'pg-
homomorphism i’y g: M, — Npg, the abstraction of g isa  pr-homomor-
phism Abstry, . (k)pg) = hpr: Mpr — Npr, where the functions &, are given
by the unions of the corresponding functions for all data statesin M7, g.

Abstr g, (hWpg Mpg — Npg) = hpr: Mpr — Npr
where hg = %M 11A%r0 1 s (5)

The abstraction is compatible with composition and identities:
AbStrfDT (thT o g/DT) = AbStrfDT (h/DT) © AbStrfDT (g/DT)

and AbStT’fD T (Z'dlug . ) = idAbStT'f or (M31)
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3.2.2 Data State Layer

On the data state layer we again allow the assignmen of terms to operation

symbols. For sort symbols, however, we do not have the possibility to generalize

the morphism notion, becausethere are no sorts other than the onesof ’,¢ in
/

Denition 3.2.6 (Data State Signature Re nemen t)

Given a data type signature re nement rpr: pr ( br» 'ps) and a data

state signature pg w.r.t. pr, a data state signature refinement rps: ps
ps consistsof afunction 7ps st ps,s — pggandafunction rpsop:  psop

— Txg (X), such that rpg is an extensionof rpr.

. !
DS.- DS DS

with rpss: pss— /Ds,s
rps,opt ps,0p — Txg  (X)
7ps,0p(0p) € Tsg (X))o 5.5 (cod(op))

Var(rps,op(op)) C {z1:rps,s(s1)s---,Zn:TDs,s(sn)}
for dom(op) = s1...s,
rpr € rps

For the abstraction of data states we cannot take the abstraction construction
of the data type layer, becauseit would unify the sorts of all data states, even
for sorts which are still dynamic in the abstracted model. Instead, we have to
distinguish betweenstatic and dynamic sorts, and take the union over all data
states only for sorts that are static in the abstracted model, but just the sort of
the particular data state for sorts that stay dynamic.

Note that, if a dynamic sort symbol is assignedto a static and a dynamic one,
this results in two dierent sorts in the abstracted model, one that is static
and cortains all elemernts included in any data state, and one that is dynamic
and cortains only the elemerts of the corresponding data state in the concrete
model.

For dynamic operations whose dynamic domain or codomain is abstracted to
a static one, the abstracted domains and codomains include the original ones,
there are just additional elemers from other data states which are unreachable
for codomains and for which the operation is unde ned in the domain case.

De nition  3.2.7 (Data State Abstraction)

Given a data state signature re nement rps: pgs b and a ', g-model
Mg, the abstraction A,, (A’) = A of a data state A’ € M, is a data state
for pg w.r.t. the abstracted data type M pr constructed by taking the union
of the carrier setsin all data states for static sorts and just the carrier sets of
A’ for dynamic sorts.

Arpa(A) = 4
with A, = X0 MS X;m;s 5) forse prs
Ag= Al fors€ pss\ bprs
opa(ai,...,an) = asg(rps,op(op))
asg:Var(rps,op(op)) — A = {z1 — mq,...,Tn — mp}
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Using this de nition we can now abstract the whole data state model similar to
the restriction by applying the above abstraction to all data states.

Denition  3.2.8 (Data State Mo del Abstraction)

Given a data state signature re nement rps: pg 'hg and a ’pg-model
M} g, the abstraction of Mg isa pg-model Abstr,,(Mpg) = Mpg consist-
ing of all abstractions for the data statesin M.

Abstry, s (Mpg) = Mps
with  Mps = { A, (A)|A € Mpq}

For data state homomorphismsthere are no specialities, since the abstracted
dynamic parts are alsodynamic in the concretemodel, which is why they meet
all requiremerts for data state homomorphisms.

Denition  3.2.9 (Data State Homomorph. Abstraction)

Given a data state sighaturere nement rps: ps 'hg anda ', s-homomor-
phism h/ye: Mpg — Npg, the abstraction of hl,g is @ pg-homomorphism
Abstry, s (hpg) = hpsiMps — Nps between Mpg = Abstry, s (Mpg) and
Nps = Abstry, s (Npg) assigningto the abstraction A, (A’) of a data state
A’ the forgetful functor image of h/,4(A").

Abstry, s (Wpg:Mpg — Npg) = hps: Mps — Nps
with  Mpg = Abstr., s (Mpg), Nps = Abstry, s (Npg)
hps(Abstry, ¢ (A) = Abstryy ¢ (W s(A"))

The restriction is compatible with composition and identities:

Abstryy s (Wpg © gpg) = Abstrr, s (Wpg) 0 Abstrry s (9ps)
and AbSt?",-D s (id]\,]g s ) = idAbstrr bs (MSg)

3.2.3 Transformation Layer

On the transformation layer transformation symbols can not only be re ned by
transformation symbols, but also by processsymbols. This allows to add an
inner processstructure to specify how the e ect of the abstract transformation
is reached in terms of more concrete transformations.

De nition  3.2.10 (T ransformation Signature Re nemen t)

Given a data state signature re nement fps: ps 'ng and corresponding
transformation and processsignatures( r,,in, out), ( ', in,out) and( ’p,.,in,
out), a transformation signature refinement fr.:( rr,in,out) (., .. in,
out) is a triple (frr, fin, four) With a function fr,: 1. — /.., which assigns
to ead transformation symbol ¢ € 1, a transformation or a processsym-
bol r¢(t) € /.U ', and two families f;, and f,,: of function families
finy in(t) — in(fr(t)) and fou - out(t) — out(fr-(t)) assigningparameters
of fr.(t) with matching type to the parametersof eac transformation symbol
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te 7.

fTr: ( Tr, inv O’U,t) ( ITW IPra ’L'TL, OUt) = (fT7'7 fin7 fout)
with  fr.: 7 — .U 5.
(fin(t) : Zn(t) - Zn(fTT(t))) teXT
finty = (fin@),s- () s — in(frr(t) fo 55 (s)) s€50 s
(fout(t)- out(t) — out(fr.(t))) tes;,
Jout(t) = (four(t),s out(t)s — out(fr,(1) fo s (s))seSpss

The (inner) abstraction of transformation stepsis obtained by generalizingthe
restriction construction to using abstractions of the sourceand target data state,
instead of just restrictions.

Denition  3.2.11 (T ransformation Expr. Abstraction)

Given a transformation signature re nement rr,.:( 7, in, out) ( rrs o
in,out), a transformation symbol t € 1, with rr.(t) = ¢ and a data state
model Mp,¢ for g, the tranformation abstraction function A,., : assignsto
ead transformation or processexpressionfor ¢’ and M},¢ a transformation
expressionfor ¢ and Abstry, ; (M},s) de ned by the abstraction on the data
states and concatenation with the mappings for the parameters.

Ay 2 TrExpr(Mpg,t") — TrExpr(Abstr., s (Mpg),t) resp.
Ay 42 PrExpr(Mpg,t') — TrExpr(Abstry, s (Mpg),t)
with Ay o(Fh0 po(a’, 1)) = ta,  (a0),4,, o (B9(@ 0 Tin(t), b © Tout(t))

Abstracted transformations are constructed very similar to restricted transfor-
mations, where, if a processsymbol is assignedto a transformation symbol, the
processstructure consisting of the RSTS and the occurencesis just forgotten.

De nition  3.2.12 (T ransformation Mo del Abstraction)

Given a transformation signature re nement rr,.:( r1,,in, out) ( e ops
in,out), a '.-model M} and a ’5.-model My, the abstraction of (MF.,.,
Mp,) is a p.-model Abstr,, (Mr,, Mp,) = Mrp,, which contains for eah
transformation symbol ¢t € 7, the abstractions of all transformation steps of
TTr(t)MO-

Abstry.  (Mp,, Mp,) = Mz, = (tar)iesy,
with  tar = Ap, 1(tho po(a’, b)) | o po(a’, 0') € T (t) mo

The abstraction, like the restriction, inducesa graph homomorphism between
the DSTSs, where transformation sets containing transformation steps gener-
ated by abstraction of processexpressionsare unreachable, since there are no
corresponding transformation stepsin the concrete model.

De nition  3.2.13 (Abstraction-Induced DSTS-Homomorph.)

Given a data state signature re nement rps: pg 'hg,» a transformation
signature re nement rr,:( 7,in, out) ( % 'pprin,out) and a ’-DSTS
Mperg and the corresponding -DSTS Mpsrs, the graph homomorphism
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I Mpers — Mpsrs is givenby the data state abstraction A,, s onnodes
and the extension of the transformation abstraction A,,, to setson edges.

T ppo

b sTs : MbSTS — Mpsrs
with TM3<1s (A) = A (4)
TS or s (Tho po) = { Apr, t(thyo po(a’, D)) |
rre(t) = 0 po(a’, b)) € Tho o}

M3

Abstracted transformation homomorphismsare againsimilar to restricted trans-
formation homomorphisms, becausethe corresponding functions between the
expressionsetsexist for transformations as well as for processes.

De nition  3.2.14 (T ransformation Hom. Abstraction)

Given a transformation signature re nement rp,:( 7r,in,0ut)  ( fn oy
in,out), a ’n.-homomorphism A7, : M, — N, and a ’p.-homomorphism
hWp,:Mp, — Np,, the abstraction of (h7,.,h’p,) isa r.-trafo-homomorphism
Abstry,, (W, Wp,) = hry: Mp, — Np, between My, = Abstr,., (Mr,, Mp,)
and Nrp, = Abstr,., (N},., Np,) assigningto the restrictions of transformation
stepsin Mz, the restrictions of the imagesunder A7, .

AbSt’I“rTr (hITT7 hlpr) = hpr. My, — Npp
W|th ht(A'rT . 7,5(15140_’30(0,/, b/)) = ATT . ,t(hgo(f{Ao_’Bo(al, b/))

The restriction is compatible with composition and identities:

AbStTTTr (hflz",,« o g’/]‘rv h’IPT © g%"’l“) =
Abstry, , (hlp,., Wp,) © Abstrer, (9, 9py)
and  Abstry,, (idae ,idng ) = idapser, ., (M2, M2,)

3.2.4 Process Layer
On the processlayer re nements are exactly the sameas morphisms.

De nition  3.2.15 (Pro cess Signature Re nemen t)

Given a data state signature re nement rps: ps '»g and two correspond-
ing processsignatures ( p,,in,out) and ( 'p,.,in,out), a process signature re-
finement rp.:( pr,in, out) ( 'pp,in,out) is a triple (rpy,rin, Tour) With @
function rp,: p, — ., Which assignsto ead processsymbol p € p, a
processsymbol rp.(p) € ., and two families r;, and r,,; of function fami-
lies 74, (p) @and 74,() assigningparametersof rp,.(p) with matching type to the
parametersof eath processsymbol p € p,.

(=7 ( Pr; ’L'TL, OUt) ( /Pr’ ’L'TL, OUt) = (TPT; Tin, Tout)
with rpr. pPp — ! -
(Tin(p) . zn(p) - in(TpT(p))) PEZp ¢
Tin(p) = (rin(p),s: Zn(p)s - in(rpr(p)) foss (S))SGED s:s
(Tout(p): OUt(p) - OUt(TPT(t))) PEXp ¢
Tout(p) = (Tout(p),s: OUt(p)s - OUt(TPT(p)) fos:s (s))sEED s:s
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Sincethere are no di erences between processmorphisms and re nements, the
abstraction of processexpressionsand processmodelsis similar to the restriction
with the useof data state abstraction instead of restriction.

De nition  3.2.16 (Pro cess Expression Abstraction)

Givena processsignaturere nement rp,:( py,in,out) ( 'p,,in,out), apro-
cesssymbol p € p, with rp,.(p) = p’ and a data state model M}, ¢ for /g, the
process abstraction function A, , assignsto ead processexpressionfor p’ and
M}, 4 a processexpressionfor p and Abstr,, s (M},4) de ned by the abstraction

on the data states and concatenation with the mappings for the parameters.

Ay, pi PrExpr(Mpg,p') — PrExpr(Restr.,s (Mpg),p)
with ATP r -,p(p£407BO(a/7 b/)) = Pa, bs (A9, Arg ¢ (BO)(G/ O Tin(p)s b'o Tout(p))

Now the abstraction of processmodels is just the sameas the restriction with
restriction of processexpressionsreplacedby abstraction.

De nition  3.2.17 (Pro cess Mo del Abstraction)

Given a processsignature re nement rp,:( pr,in,out) ( ., in,out) and a
'o.-model Mp,,., the abstrsction of My, isa p,-model Abstry,, (Mp,) = Mp,,

where the RSTSsfor the processsymbols in  p,. are given by the RSTSs for

the imagesin /., the processesare constructed like the transformations on

the transformation layer and the occurrencesare constructed by concatenating

the occurrencesof the image processwith the induced DSTS-homomorphism.

Abstry,, (Mp,) = Mp,
with M, = M,
PM = ATPr 7P(p{A°,B°(alv bl)) | pCLXO,BO(alv bl) S TPT(p)MO
Ocen, (pa,p(a b)) = { rag g, oocc | rpe(p) = 7/,
occ’ € Ochgo(p%oyBo(a’,b’)) }

For processhomomorphisms, again the notion of abstraction is similar to re-
striction, using abstraction instead of restriction for all notions imported from
lower layers.

De nition  3.2.18 (Pro cess Homomorphism  Abstraction)

Given a processsignature re nement rp,.:( py,in,out) ( ’p.,in,out) and
a 'p.-homomorphism h', :Mp,. — Np,., the abstraction of hip. is a p,-
homomorphism Abstr,, . (k') = hp,: Mp, — Np, betweenthe abstractions
Mp, = Abstr,, (Mp,) and Np, = Abstr,,, (Np,). It consistsof the graph ho-
momorphisms for the image processsymbols and processexpressionmappings
constructed similar to the transformation restriction.

AbStTTP . (hlp7 ]\/[1/37. — N;;,) = hpri ]\/[pr — Npr
with  Mp, = Abstr,,, (Mp,), Np, = Abstry, (Np,)

hGp - h/G"P r (P)
hp(A’I'P r ,;D(p{AO_,BO(aC bl)) = A’I'P r ,p(h;O(pTAOyBO(a/v bl))

The abstraction is compatible with composition and identities:
Abstrr,, (Rp,. © gp,.) = Abstry,, (Wp,) o Abstry,, (g'p,)

and AbStT,-p . (idMgr ) = idAbstrr o, (MO,
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3.2.5 Integration

In this subsectionwe, oncemore, just combine the notions of the di erent layers
into integrated ones,wherethis seems little more necessanyn this casebecause
of the cross-layer relationships in the data type and transformation re nements

and abstractions.

For the syntax we get integrated signature re nements consisting, not surpris-
ingly, of re nements on the dierent layers. Note, that re nements subsume
plain morphisms as special cases.

De nition  3.2.19 (In tegrated Signature Re nemen t)
Given two integrated signatures and ', an integrated signature refinement

T " consistsof
e a data type signature re nement rpr: pr ( br» 'bg) asin Def.
3.2.2,
e adata state signature re nement rps: ps 'bg W.r.t. rpr asin Def.
3.2.6,

¢ atransformation signature re nement rr.:( 7,,in,out) ( ., 'p..in,

out) w.r.t. rpg asin Def. 3.2.10and

a processsignature re nement rp,.. ( p,in, out) ( o, in,out) W.T. 1.
rps asin Def. 3.2.15.

On the semartical side we again combine the notions presered in the previous
subsections.

De nition  3.2.20 (In tegrated Mo del Abstraction)
Given an integrated signature morphism 7: "and a ’-model M’ the
abstraction of M’ is a -mo del Abstr,.(M') = M consisting of

e the data type abstraction Mpr = Abstry, . (Mpr, Mpg) asin Def. 3.2.4,
e the data state abstraction Mpg = Abstr,, s (M}g) asin Def. 3.2.8,

¢ the transformation abstraction My, = Abstr,, (Mf,., Mp,) asin Def.
3.2.12and

¢ the processabstraction Mp, = Abstr,, (Mp,) asin Def. 3.2.17.

De nition  3.2.21 (In tegrated Homomorphism  Abstraction)

Given an integrated signature re nement r: "and a ’-homomorphism
h': M’ — N’ the abstraction of b’ is a -homomorphism Abstr.(h') = h: M —
N, where M = Abstr.(M') and N = Abstr.(N'), consisting of

e the abstraction hpr: Mpr — Npr = Abstry,, (hpg: Mpg — Npg) of
the data type homomorphismasin Def. 3.2.5,

e the abstraction hpgs: Mps — Nps = Abstryy s (hpg: Mpg — Npg) of the
data state homomorphismasin Def. 3.2.9,
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e the abstraction hp,: My, — Ny, = Abstry, . (hlp,: Mj, — Nj,. b,  Mp,
— Np,) of the transformation homomorphismasin Def. 3.2.14and

e the abstraction hp,: Mp, — Np, = Abstry, (hp,: Mp, — Np,) of the
processhomomorphismasin Def. 3.2.18.

The abstraction is compatible with composition and identities:

Abstr,(h' o g') = Abstr,(h') o Abstr.(g")
and Abstr,.(idMo) = idAbstrr (M)

Lik e the restriction construction the abstraction construction also constitutes
functors betweenthe model categories.

Theorem 3.2.22 (Abstraction  Functor)
The abstraction construction for an integrated signature re nement r;: — '
forms a functor Abstr,: Mod( ') — Mod().

Summarizing this section, we get another speci cation frame consisting of the
category of integrated signaturesand re nements and a model functor assigning
abstractions to re nements.

De nition  3.2.23 (In tegrated Re nemen t Specication Frame)
The category IntRef of integrated signatures and integrated signature re ne-
merts, together with the functor Mod: IntRef °» — Cat de ned by

Mod() (the model category asin Theorem 2.1.32)
Mod(r: — ') = Abstr,.: Mod( ') — Mod()
(the abstraction functor asin Theorem 3.2.22)

forms a speci cation frame, called specification frame of integrated refinements
IntRefSF.
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Chapter 4

Constrain ts

In this chapter we intro duce constraints as meansto specify properties of inte-
grated models. In Section4.1we look at the notion of a logic of constraints for a
speci cation frame and de ne integrated speci cations, by combining integrated
signatureswith setsof constraints. Then, in Section4.2, we will introduce some
examplesof logics of constraints for integrated signatures. Finally, in Section
4.3, we intro duce the concept of high-level constraints.

4.1 Logics of Constrain ts and Speci cations

In Subsection4.1.1 we will conceptually intro duce the notion of logics of con-
straints, which will be usedin Subsection 4.1.2 to de ne specications and
specifcation morphisms and examinethe e ects on the semartics.

4.1.1 Logics of Constraints

Logics of constraints were introduced in [EM90] and [EGR94] as categorical
conceptsfor specifying properties of models. A constraint functor assignsa class
of constraints to ead signature and a satisfaction relation is de ned between
models and constraints of the signature.

For signature morphisms the constraint functor yields a translation function
between the corresponding constraint classes,where the satisfaction relation
needsto be compatible with thesetranslations on one hand and the restriction
of models on the other hand.

Denition 4.1.1 (Logic of Constrain ts)
A logic of constraints LC' = (Constr, E) for the speci cation frame IntSigSF =
(IntSig , Mod) of integrated signaturesis given by a functor

Constr:IntSig — Class

into the category Class of classes,where the translation functions Constr(f)
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for signature morphisms f are denotedby f#, and for ead integrated signature
€ IntSig a relation

EsC Mod() x Constr() ,

called satisfaction relation, sud that for all morphisms f: — ’, all models
M’ € Mod( ') and all constraints ¢ € Constr(), the satisfaction condition

M' Exo f#(¢) <= Restry(M) Ex ¢

holds.

The satisfactionrelation canbe extendedto classe®of constraints, wherea model
M satis es a classof constraints , if and only if it satis es all constraints in :

ME << Voe: ME¢

Logics of constraints can be combined to sums of logics of constraints, which
are again logics of constraints, by taking for ead signature the disjoint union of
the constraint classesas new constraint classand as new satisfaction relation a
combination of the original relations.

Denition and Fact 4.1.2 (Sum of Logics of Constrain ts)

Given two logics of constraints LC; = (Constry, E1) and LCy = (Constra, E 2)
for integrated signatures, the sum LC, + LCy = (Constrs, modelss) is a logic
of constraint, where the constraint functor is given for signatures by

Constrs() = Constri() WwConstra()
and for signature morphisms correspondingly by
Constrs(f) = Constri(f) W Constra(f) .

The combined satisfaction relation is constructed by

ME1x¢ if ¢ e Constri()
MEss ¢ M':;ij ifgbGConstT;()

Pro of: We have to show the satisfaction condition:
Forall f: — '/, ¢ € Constrs() and M’ € Mod( ') we have:

M’ F 350 Constrs(f)(¢)
<= (sum of logic of constraints, Def. 4.1.2)

M’ E 1 50 Constri(f)(¢) if ¢ € Constri()
M’ E 350 Constra(f)(9) if ¢ € Constra()

== (LC, and LC, logics of constraints, Def. 4.1.1)
Restrp(M') F1,x ¢ if ¢ € Constri()
Restrp(M') Fox ¢ if ¢ € Constra()

<= (sum of logic of constraints, Def. 4.1.2)
Restry(M') Esx ¢
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4.1.2 Specifications and Specification Morphisms

We getintegrated speci cations by adding to a signature aset of constraints
for that signature, which models should satisfy.

De nition  4.1.3 (In tegrated Speci cation)

Given a logic of constraints for integrated signatures LC = (Constr,E), an
integrated speci cation ( , ) consistsof an integrated signature € IntSig
and a classof constraints  C Constr().

Now, the model category of an integrated speci cation is just the category of
all models of the signature satisfying the constraints.

Denition 4.1.4 (Mo del Category for a Specication)
Given an integrated speci cation ( , ), the model category Mod( ,) isthe
full subcategory of Mod(), whereall models satisfy .

Mod( ,) ={MeMod() | ME '}

We alsowant to relate di erent speci cations by speci cation morphisms, which
are signature morphismsbeing compatible with the constraints, in the sensethat
the translated constraints of the rst speci cation areimplied by the constraints
of the secondone.

De nition 4.1.5 (Specication Morphisms)

Giventwo integrated speci cations ( , ) and( ’, '), aspecication morphism
fiC,) — (', 7)isasignature morphism f: — '/, such that all models
satisfying ’ also satisfy the translated constraints f7#().

VM’ € Mod( '): M' Eso ' == M’ Esxo f#()

For speci cation morphismsthe restriction construction respectsthe constraints
in the sensethat the restriction of a model of the secondspeci cation is a model
of the rst one.

Fact 4.1.6 (Restriction for Specication Morphisms)

Givena speci cation morphism f:( ,) — ( /, /), the restriction construction
for the signature morphism f also de nes a functor Restry:Mod( ', ') —
Mod( ,) betweenthe model categoriesof the speci cations.

Pro of: Sincethe restriction is already a functor for model categoriesof signa-
tures, we only haveto show, that it respectsthe constraints, i. e. that M’' Fso '
implies Restry(M') Ex .

Forall f:( ,) — (Sigmad’, ') and M’ € Mod( ') we have:

M/ ': 50 /

== (f specication morphism, Def. 4.1.5)
M’ Eso f#()

<= (satisfaction condition, Def. 4.1.1)
Restry(M') E s
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The notions of speci cations and speci cation morphismson the syntactical and
models of speci cations and restrictions for speci cation morphisms on the se-
mantical sidecanagainbe combined into a speci cation frame, the speci cation

frame of integrated speci cations IntSpecSF.

Denition  4.1.7 (In tegrated Specication Specication Frame)
The category IntSp ec of integrated speci cations and integrated spei cation
morphisms, together with the functor Mod: IntSp ec®” — Cat de ned by

Mod( ,) (the model category asin De nition 4.1.4)
Mod(f:( ,) —(',)) = Restrg:Mod( ', ') — Mod( ,)
(the restriction functor asin Fact 4.1.6)

forms a speci cation frame, called specification frame of integrated specifications
IntSpecSF.

4.2 Constrain ts for Integrated Signatures

In this section we will shortly introduce some logics of constraints for inte-
grated signatures. In Subsection4.2.1 we will seeexamplesof partial algebra
constraints and how to useto constrain the data type and the data state layer.
Then, in Subsection4.2.2,we will seesomeways to specify the e ects of transfor-
mations and processesSincethesenaotions are only meart to serve asconceptual
examples,and are not the main focus of this report, we ommit the exact de ni-

tions of translations of constraints and the proofs for the satisfaction condition
here.

4.2.1 Data Type and Data State Constraints

Sinceour formal framework is built on partial algebrasas data typesand data
states, constraints for partial algebrascan also be usedfor the framework. We
will later formulate this for arbitrary logics of constraints over the speci cation
frame (AlgSig , P Alg) of algebraicsignaturesand partial algebras,which is why
we rst introduce someexamplesof sucd logics.

All these examples of \lo w-level" constraints, in cortrast to the \high-level"
onesin the next section, have in common that their satisfaction is de ned in
terms of the satisfaction for variable assignmerts.

As a rst, rather simple exampleterms can be required to be de ned in a partial
algebra. These constraints, as all constraints de ned over variables and terms,
can be translated along morphisms and re nements by translating the sorts of
the variables according to the sort mapping and the terms according to the
operation mappings.
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De nition  4.2.1 (De nedness Constrain ts)
The logic of definedness constraints for partial algebras LCper = (Constrpey,
F pes) is given by the constraints

Constrper() = {(X,tdened) | X = (Xs)sexs,t € Tx(X) }

and the satisfaction relation

AFE per (X,tdened) <= Vasg: X — A: A, asg F pey (X, t de ned)
where A, asg E per (X,t dened) <= asg € Dom(t,A) .

Our secondexample shall be equations, where, similar to the caseof homomor-
phisms, we have di erent choicesdepending on how the de nedness of terms
is treated. We choosea version, where the equality of term evaluations is only
required for assignmers, for which both terms are de ned. We can retrieve
the well-known notion of existertial equations by taking the union of such an
equation and de nednessconstraints for both sidesof the equation.

De nition  4.2.2 (Equational Constrain ts)
The logic of equational constraints for partial algebras LCgq, = (Constrgqu,
F Bqu) IS given by the constraints

Constrequ() = {(X,1=71) | X = (Xs)sexs, l,r € Tn(X) }
and the satisfaction relation

AFpgu (X,l=71) < Vasg: X — A1 A asg E pqu (X, 1= 1)
where A,asg Epqu (X,0=1) <= [ asg € Dom(l, A) N Dom(r, A)
== asg(l) = asg(r) 1.

As alast examplewe will de ne the logic of conditional equations, which consist
of a setof de nednessand equational constraints as premiseand onede nedness
or equational constraint asconclusion,wheretheseare formulated over the same
variable family. A conditional equation is satis ed, if if for all assignmetts, for
which the premise holds, also the conclusionis satis ed.

Denition  4.2.3 (Condtional Equational Constrain ts)
The logic of conditional equational constraints for partial algebras LCcgqy =
(Constrcequ, F cequ) is given by the constraints

COTLStTCEqu() = { (Xaplv et 7pn - C) | X = (Xs)sezs,
(Xapl)v RN (Xv C) S CORStTDeerEqu() }

and the satisfaction relation

A':CEqu (Xapla---aanC) <~
Vasg: X — A1 A,asg F cequ (X,D1,. .-, Dn — €)
where A,asg Ecggu (X,p1,...,0n — ) =
[ Avasg ':Def+Equ (Xapl) AN Avasg ’:Def+Equ (van)
== A,asg F pef+Equ (X,¢) 1.
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Now, constraints for the data type and data state layer can be constructed from
arbitrary partial algebra constraints, by just requiring, that the partial algebra
constraint is satis ed for the data type or all data statesrespectively. Sincethe
data type is included in all data states, we only needto de ne this for data
states, which subsumesthe notion for the data type as special case.

In practical use,however, it makessenseto seperate these casesn the notation
of speci cations, becauseof the conceptual di erence. Similar to the wide-
spread practice of grouping equationswith the operation symbols this doesnot
a ect the semartics, but makesspeci cations eaiserto grasp.

Denition 4.2.4 (Data Type and Data State Constrain ts)

Given a logic of partial algebraconstraints LCp4 = (Constrpa, E pa), there is
an induced logic of data type and data state constraints over integrated signature
LCps(LCpa) = (Constrps, E ps) consisting of the constraints

Constrps() = Constrpa( ps)
and the satisfaction relation

M’:Dsc <~ VAEMDS:AFPAC.

4.2.2 Transformation and Process Constraints

For the transformation and processsignatures,we will intro ducea method here,
where we construct a \pre-p ost-signature" containing all dynamic operation
symbols twice, oncefor the source,oncefor the target data states.

De nition  4.2.5 (Pre-P ost-Signature)

Given a data state signature pg w.r.t. a data type signature pr, the pre-
post-signature  pp consistsof the sort symbols of pg, the operation symbols
of pr andfor eat operation symbol of pg\ pr apre-and a post-operation
symbol.

PPS = DS,S

pPop = DT,0p U {0p@re,op@ost | op € psop\ DT.Op}
dom(op@pre) = dom(op@post) = dom(op)
cod(op@pre) = cod(op@post) = cod(op)

These pre-post-signaturesare interpreted by cortructing a partial algebracom-
bining the sourceand the target data state. Elemens of the dynamic sorts,
which are corntained in both data states are included only once in the com-
bined algebra, while the dynamic operations of both data states are disjointly
included. This allows to also formulate invariants or operation interpretations
in the target data state determined by interpretations in the sourcedata state.

De nition  4.2.6 (Pre-P ost-Algebra)

Given a transformation or processexpressionz 4 g(a,b), the pre-post-algebra
A+ Bisa pp-algebra, where the sorts are the unions of the sorts of A and
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B, the pre-operations are the operations of A and the post-operations are the
operations of B.

(A+ B)s = AsUB;

OpAa+B = 0pa = opp = opy forop €  prop
op@prearp = opa

op@posta+p = opg forop € psop\ DT,0p

Note, that for static sorts the union of A, = M, and B; = M, is again just
M;, and that the operations have the correct functionalities, since Ajom(op) €
Adom(op) Y Baom(op) @nd similarly for cod and B.

Now, pre-post-constraints for a transformation or processsymbol are arbitrary
partial algebra constraints over the pre-post-signature with the disjoint union
of the input and output parameterscontained in the variables. The additional
variables are, as for partial algebrasimplicitly universally quantied. A trans-
formation step satis es such a constraint, if the combined algebra satis es the
constraint for all assignmens extending the parameter assignmetts, and trans-
formations satisfy it, if all transformation stepssatisfy it.

De nition  4.2.7 (Pre-P ost-Constrain t)

Given a logic of partial algebra constraints LCpa = (Constrpa, E pa), Where
the constraints (X, ¢) are formulated over variables X, there is an induced logic
of pre-post-constraints over integrated signature LCpp(LCps) = (Constrpp,
E pp) consisting of the constraints

Constrpp() ={ (5,X,0|s€ U pr,X=(Xs)sesoss s
in(s) C X, out(s) C X,(X,c) € Constrpa( pp) }

and the satisfaction relation

M Epp (s,X,¢) < Vsa p(a,b) €syisaplab) FEpp(X,c)
where s p(a,b) Fpp (X,¢) <
Vasg: X — A+ B:[ a Cuasg,bC asg
== A+ B,asgF pa (X,¢) ].

Pre-post-constraints are ableto determine elemeris which must be present in the
input and output data states respectively, namely the values of dynamic terms
for pre- or post-operation symbols, for which de nednessconstraints have to be
satis ed.

In cortrast to that we have, until now, no way of specifying elemers, that are
added or deleted, i. e. that must not be presert in the input or output data
state, sincethe pre-post-algebracontains the union of the carrier setsand the
information, whether elemerns stem from both or only one of the states, is lost.
In Subsection4.3.3 we will seehow to use attributed graph transformation for
the purpose of, among other things, specifying the deletion and insertion of
elemerns.

Also, pre-post-constraints for processsymbols do not determine the data states
reached inside the processin any way, but can only formulate preconditions,
postconditions and invariants, that have to hold in the initial and nal data
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state, but not necessarilyin between. They can not specify the structure of
the RSTSs or the transformations used by the processesgither. We will use
CCS speci cations for the purpose of specifying the structure of processesn
Subsection4.3.2.

4.3 High-Lev el Constrain ts

In this sectionwe intro duce the notion of high-level constraints, which are high-
level structures of some modelling technique used to constrain an integrated
signature. In Subsection4.3.1 we will introduce the concept of instantiating
our formal framwework with a modelling technique, and seehow to use such
an instatiation as logic of constraints for integrated signatures. After that, we
will give two example instantiations, namely for the CCS processalgebra in
Subsection4.3.2 and for attributed graph transformation in Subsection4.3.3.

4.3.1 Instantiations as Constraints

For modelling techniques, that are to be integrated into our framework, we just
assumethat they de ne a classH L of high-level structures.

An instantiation of the formal framework to such a modelling technique is then
given by the assignmen of an integrated signature and a subcategory of the
models of the signature to a structure HL € HL.

In the previous versionsof the framework in [EO01a, EOB*02b] instantiations
wereconsideredto assignonly singlemodelsto a high-level structure. We extend
this to categoriesof modelsin order to be able to integrate techniqueswith loose
semarics.

Moreover, we can decouple integrated techniques, suc as attributed graph
transformation or algebraic high-level nets: In the original version of the frame-
work, the data type algebrais xed and included in the high-level structures
for such techniguesand the interpretation just choosesthis algebra. In cortrast
to that, we would like to be able to leave the data type unspeci ed, and assign
a category of models for all possiblealgebrasthat could be taken as the data

type.

De nition  4.3.1 (In terpretation of High-Lev el Structures)
Given a classHL of high-level structures, an interpretation (Sig, Mod) of this
classin the framework of integrated signaturesis given by two functions

Sig: HL — IntSig
assigningan integrated signature Sig(H L) to ead high-level structure H L, and
Mod: HL — Cat

assigninga category Mod(HL) C Mod(Sig(HL)) to ead high-level structure
HL.
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This very generic notion allows the integration of many kinds of modelling-
techniques. Sincewe only require a (syntactical) classof structures, it is possi-
ble to usethe framework to assigna formal semartics to semi-formal modelling
techniques. Of coursethe models assignedto a structure of the modelling tech-
nigue should somehav be related to the \normal" semartics of the technique,
formal or semi-formal.

The idea of high-level constraints was introduced in [EOB*02h]. A high-level
constraint w.r.t. an integrated signature is a high-level structure H L with
a signature morphism from Mod(HL) to , that is satis ed for a model M, if
the restriction of M is a model of H L.

De nition and Fact 4.3.2 (Logic of High-Lev el Constrain ts)

Given a classHL of high-level structures and an interpretation (Sig, Mod) for
this class, the logic of high-level constraints LCxre = (Constry, E) for this
interpretation is given by the constraints

Constrye() = {(HL,m) | HL € HL,m: Sig(HL) — } ,
the translations of constraints

fH(HL,m:Sig(HL) — ) = (HL, fom:Sig(HL) — ') for f: — '
and the satisfaction relation

M E (HL,m) <= Restr,,(M) € Mod(HL) .

Pro of: We have to show the satisfaction condition:
Forall f: — ',(HL,m) € Constr() and M’ e Mod( ') we have:

M'E f#(HL,m)

(translation of high-level constraints, Def. 4.3.2)

M'E (HL, fom)

(satisfaction relation for high-level constraints, Def. 4.3.2)
Restrom(M') € Mod(HL)

(restriction of integrated models, Def. 2.2.17)
Restry,(Restry(M')) € Mod(HL)

(satisfaction relation for high-level constraints, Def. 4.3.2)
Restry(M') E (HL, m)

[N A

We are able to translate high-level constraints along signature re nements, if
we allow the morphism m in a constraint (HL,m) to be a re nement instead
of a plain morphism and modify the satisfaction relation to usethe abstraction
functor Abstr,, instead of Restr,,.

In order to specify a systemby heterogeneousnodelling techniques, one hasto
give an interpretation of ead of the modelling techniquesin the formal frame-
work. Then the sum of the corresponding logics of high-level constraints can be
usedto specify the system,whosestructure is given by an integrated signature.
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The morphism in a high-level constraint determines which part of the whole
systemis speci ed by the constraint.

Moreover, theselogics of high-level constraints can be combined with somelow-
level constraints, which are for example useful for describing the interaction of
di erent high-level constraints.

4.3.2 CCS Process Algebra

In this subsectionwe will integrate the \Calculus of Communicating Systems"
(CCS) [Mil89], which is a processalgebra deweloped by R. Milner, into our
framework. A sketch of this integration for the original version of the framework
was given in [EOO014].

Processalgebrasare meansto reasonabout the behaviour of concurrent sys-
tems. These systemsconsist of agens, which perform actions. Two agerts can
syndhronize on certain actions. In the CCS the approad is to have complemen-
tary actions, where an agert willing to perform an input action syncironizes
with an agert willing to perform the complemenary output action.

In [Mil89] an in nite set.A of namesis assumed,input actions a are taken from
this set, and output actions, denotedby @, are taken from the corresponding set
of co-names.A. When synchronizing an action and its complemenary action,
the name is forgotten and the synchronized action becomesr, which is the
name for an arbitrary internal action, becausethe CCS is designedto deal with
external commnunications an doesnot needany information about the names
of internal actions.

In our framework, however, whole systemsincluding their internal behaviour
are modelled. Therefore we still needthe namesof syndronized actions and
choosean approad, wherewe have for each namean input action a,, an output
action a,,: and an internal action a;,:. When we mean either of the three, we
will write a,.

For eadh agent of the system, there is an agert constart. For these constarts

there hasto be a de ning equation A “ B with an agert expressionFE, where
agert expressionsare buiItPfrom action constarts using action pre xing a..E for
an action a,,, summation ,_; E; over an [-indexed set of expressions,compo-
sition F4|FE,, restriction E \ L for a set L o,f_,namesand relabelling E[f] for a
function f: A — A. This alsoincludes0= " ,_, E;, which speci es an agert,
which is not able to perform any action.

In many casesCCS agerts are speci ed recursively and are not meart to ever
nish, but a state wherethey can not perform any action is considereda \dead-
lock", which is in generalnot wanted. To use CCS agerts to specify processes
of our framework, however, they needto have nal states. At least an ager,
which is assaiated to a processhasto have nal states. Here, we will just use
deadlocks as nal states, making them wanted in casethe agert has completed
its task. In a re ned version, one would probably want a way to distinguish
between succesfullcompletion and unexpected deadlock, such asit is included
e.g. in LOTOS.

The semartics of CCSiis de ned in terms of labelled transition systemsLT'S =
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(S,T,—), where S is a set of states, T" a set of transition labelsand — a family
of relations >C § x S for all t € T.

In the caseof CCS the states are agert expressions,the transition labels are
the actions and the transition relations are de ned by the inferencerulesin Fig.
4.1.

ax /
N 74
[») EJ E7

Act —————— Sum; -} = el
E 2 F F 2 F
Com; ———— Comy —————
E|F = E'|F E|F = E|F'
E Qin E/ F Qout F/ E Qx E/
Com s ——_ - — Res T (a ¢ L)
E|F = E'|F’ E\L-—=F\L
E -2 E LNy o .
Rel o Con E%E, (A% p)
E[f] — E'[f] A—FE

Figure 4.1: Inferencerules for the semarics of CCS

In the value-passingCCS calculus agert constarts and actions can be parame-
terized by values. In [Mil89] these values are not given any sort, but since we
have sorts in our framework, we allow them for CCS as well.

Agent expressionsare modi ed, sothat they input actions a;,(z1,...,x,) are
parameterizedwith variables,to which they assignthe valuesof the parameters
of the corresponding output actions, when the transition occurs, and output ac-
tions ay(t1, ..., t,) are equipped with terms, whoseevaluations are corversely
assignedto the variables of the corresponding input action. Parameterizedcon-
stants are equipped with variables on the left-hand side of de ning equations,
expressingthat theseagen getsthe variables when initialized, and with terms,
if they are used on the right-hand side, determining the valuesthat are given
to the recursively usedagen.

The terms used in output actions and recursive calls of agert constarts may
only cortain variables, which were de ned by the parametersof the constart or
by previousinput actions.

Additionally a sort bool with someoperations returning it is assumedand ex-
pressionscan contain conditionals if b then FE expressingthat the agert can
behave like the expressionFE if the boolean expressiond, also cortaining only
previously de ned variables, evaluatesto true.

We assumea CCS speci cation, that is to be interpreted in the framework to
consistof a signature for the values,that areto be passedby actions, a signature
for the action nameswith sorts for ead action, that determine the sorts of the
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valuespassedby that action, and a set of de ning equations,where one or more
of the agerts are marked to be interpreted asthe processes.

The integrated signature for such a speci cation integrates the value signature
on the data type layer, the action namesas transformation symbols, where the
value sorts are interpreted asinput parameters,and the marked agert constarnts
as processsymbols with the parametersof the constart asinput parameters.

The integrated models of such a system are given by an arbitrary total data
type for the value signature, one single data state, since there are no dynamic
sorts and operations, and transformations having transformation stepson the
one data state for all possible parameter assignmerts.

On the processlayer the interpretation of the CCS semartics is done, where
the RSTS is the part of the LTS of CCS reachable from the agert constan,
interpreted as graph. Processesare then given for all possible parameter as-
signmerts by occurrencesmapping the edgesof the LTS to transformation sets
cortaing just the one transformation step corresponding to the action and the
given parameters.

We are not able to formulate the syndironization of such a process,which still
cortains unsyndhronized input and output actions, with other processesn the
framework now, becausewe did not include a possibility to let high-level con-
straints interact with ead other. They are totally unaware of the environment,
in which the signature of the constraint is embedded by the morphism of the
constraint.

4.3.3 Attributed Graph Transformation

In this subsectionwe will adopt the interpretation of attributed graph transfor-
mation [ELO95] introduced in [EO014] and re ned in [EhrO1] to our modi ed
version of the framework.

First we will shortly introduce the basic notions of attributed graphsand graph
transformation rules and rule applications, which will be interpreted as data
states, transformations and transformation steps, respectively. For this, we rst
need the notion of graph signatures, which de ne the structure of attributed
graphs.

De nition  4.3.3 (A ttributed Graph Signature)
An attributed graph signature is a triple

(ASig, GSig, Attr)
consisting of

e an attribute signature ASig = (Sa,Opa,dom,cod), which is just an ordi-
nary algebraic signature,

e a graphical signature GSig = (S, Opg,dom, cod), where Sg is a set of
symbols for sorts of graphical elements and Opg a set of symbols for con-
nections With dom: Opg — S¢ and cod: Opg — Sgq, i. €. all connections
are unary, and
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e an attributation signature Attr = (Op apr, dom, op), which is a set Op 4y
of attributations with dom: Op a4 — S and cod: Op aser — Sa.

Now an attributed graph contains a (total) algebrafor the attribute signature.
For the graphical signature a graph consisting of setsof graphical elemens and
connections, being total functions between graphical elemen sets, is included.
The attributation signature is interpreted by total assignmets of elemens of
the attribute algebrato the elemeris of the graph.

Each graphical sort, which is in the domain of a connection symbol can be seen
as a kind of edge, where edgesnot only relate two nodes, but can connect an
arbitrary number of nodesand edges.

De nition  4.3.4 (A ttributed Graph)
An attributed graph for a given attributed graph signature (ASig, GSig, Attr)
is a triple

G = (GA) GG; GAtt’I')
consisting of

e an (total) attribute algebraG, € Alg(ASig),
e a graph, which is a (total) algebraGg € Alg(GSig) and

o afamily Gaur = (attra: G dom(attr) — G A cod(attr) Of (total) attributa-
tions.

To relate attributed graphs we introduce attributed graph homomorphisms,
which expressthe relations betweenthe attribute as well as the graph part of
an attributed graph.

De nition  4.3.5 (A ttributed Graph Homomorphism)
Giventwo attributed graphsG and H for the sameattributed graph signature,
an attributed graph homomorphism is a pair

h:G— H= (hAZGAHHA,hG:GGHHg)

consisting of algebra homomorphisms, which are compatible with the attribu-
tations, i.e. Vattr € Attriha coq(attr) © attrg = attryg o hg dom(attr) (SEEFIQ.
4.2).

he,
G;dom (attr )(H
G,dom(attr)

GG,dom(attr)
attrg (=) attry

|

HA,cod(attr)
hA;cod (attr )

GA,cod(attr)

Figure 4.2: Attributed graph homomorphisms
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Graph transformation rules are meansto specify the manipulation of the graph
structure and the attributation of attributed graphs. They use the double-
pushout approach to transformation of structures, where a rule is given by a

span(L < K 5 R).

In order to be genericw.r.t. the attribute algebra, we assumea rule to have
an assaiated family of variables X over the attribute signature and the at-
tributed graphs of the rule to contain the term algebrawith variables T'4s;4(X)
as attribute algebra.

De nition  4.3.6 (Graph Transformation Rule)
Givenan attributed graph signature (ASig, GSig, Attr), a graph transformation
rule is a tuple

r=(X,L < K5 R)
consisting of

e afamily X = (X;)ses, of variablesover the attribute signature,

o three attributed graphs L, K and R with Ly = Ka = Ra = Tasig(X)
and

e two injective attributed graph homomorphismsi and r with 14 = r4 =
idTAS . (X)-

A rule can be applied to a graph G, if for a given match m;:L — G the
pushout complemert C w.r.t. [ exists. Then the result H of the application is
constructed as the pushout of C' and R over K. This application hasthe e ect,
that the elemerts of L\ /(K are deletedand the elemers of R\ r(K) are added
to the graph.

For the attribute part, a rule can be applied to a graph with an arbitrary
attribute algebra G 4, where the matchesfor the attribute part are given by an
evaluation @sg w.r.t. an assignmet asg: X — G4 and the application of the
rule leavesthe algebra unchanged (up to isomorphism).

De nition  4.3.7 (Rule Application)

Given a graph transformation rule » and an attributed graph homomorphism
myp: L — G from the left-hand side of the rule into an attributed graph G, the
rule canbe applied to G w.r.t. mp, if the pushout complemern C, called context
graph, in the left part of Fig. 4.3 exists. The result of the application is the
pushout graph H in the right part of Fig. 4.3. This derivation step is written

asG =% H.

In the literature a transformation systemis normally de ned as a set of rules
with a start graph. Sinceon the one hand we want to interpret graph transfor-
mation exclusively on the transformation layer and have no way of interpreting
the start graph here, and on the other hand a start graph would x the at-
tribute algebra, becauseour rules cannot changeit, we do not include a start
graph here.
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|

mL (PO) mk (PO) MR

G Qlo— C T/H
Figure 4.3: Application of a rule

Thus, a graph transformation systemis just an attributed graph signature with
a set of rules over that signature.

De nition  4.3.8 (Graph Transformation System)

A graph transformation system G7T'S is given by an attributed graph signature
(ASig, GSig, Attr) and a set Rules of graph transformation rules w.r.t. this
signature. We denote by G7'S the classof all graph transformation systems.

Now attributed graph transformation systemscan be interpreted in our frame-
work. The integrated signature for a graph transformation system cortains the
attribute signature on the data type layer and the union of the attribute, graph-
ical and attributation signature on the data state layer. On the transformation
layer there is a transformation symbol or ead rule.

The variables for these transformation symbols shall be usedto represen the
match morphisms. Hencewe choosefor the input parametersa variable of the
corresponding sort for ead graphical elemen of L and all variables of X used
in attributations of the left hand side. For the output parameterswe include
a variable for eat graphical elemen of R, which is not already presert in L,
and the variables of X usedin the attributations of R and not contained in the
input parameters.

This construction of the parametersis chosen, becausethis way the input pa-
rameters concernthe elemerns, which are determined by the graph to be trans-
formed, while the output parametersare usedfor elemens whosematchescan
be freely chosen.

Denition  4.3.9 (In tegrated Signature of a GTS)

Given a graph transformation system GT'S € G7 S consisting of the attributed
graph signature (ASig, GSig, Attr) and the set Rules of graph transformation
rules, the integrated signature Sig(G1'S) consistsof

¢ the data type signature Sig(GTS) pr = ASig,
¢ the data state signature Sig(GTS)ps = ASigw GSigw Attr and

e the transformation signature (Sig(GTS) 1y, in, out), where Sig(GTS),
cortains a transformation symbol » for ead rule » = (X, L LKrn R) €

Rules with
in(r)gs = La,gs for eath gs € S¢,
Z.n(T)as = VaT(LAttr)as for eath as € Sy4,
out(r)gs = Ra,gs \ ra,g9s(Ka,gs) for eath gs € S¢ and

out(r)as = Var(Rattr)as \ Var(L awr)as for eat as € Sy.
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Here Var(G a4-) denotesthe variables occuring in the attributations:

[ [
Var(Gagr) = Var(attrg(z))

attr€Opawr  TE€EGgdom (atr )
The processsignature of Sig(GT'S) is empty.

The integrated modelsfor a graph transformation systemare all models, where
the data typeis a total algebra,the data states are alsototal and the transfor-
mation steps correspond to rule applications. We require the data state model
to contain all possiblegraphs and attributations to guarantee that a transfor-
mation step exists for eact corresponding rule application.

Since pushouts and pushout complemens are only unique up to isomorphism,
rule applications can normally perform arbitrary renamings on the graphical
elemerts. In order to be compatible to instantiations, which rely on the iden-
tity of elemerns of the data states, who are meart to be identical, we restrict
this to allowing only transformations where no renamingsoccur, i. e. the homo-
morphisms !’ and »’ in Fig. 4.3 are inclusions instead of injections, which are
allowed in general.

De nition  4.3.10 (In tegrated Mo dels of a GTS)

Given a graph transformation system G7T'S and its corresponding integrated
signature Sig(GT'S), the model category Mod(GTS) C Mod(Sig(GTS)) of
GTS consistsof all models M for which

e the data type Mpr is a total algebra,

¢ the data state model Mpg consistsof all total algebrasextending the data
type, i. e.

Mps = { A€ Alg(Sig(GTS)ps) | Alsigirs)s: = Mpr}

e the transformations rj,, contain all transformation expressionsr 4, s(a,b),

for which A =2 B with my, given by the variable assignmets in « and
b and the node mapping of a, where !’ and 7’ in the double-pushout are
inclusions, and the node mapping of b is the sameasin mg.
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Example

In this chapter we will seea more exhaustive example of a system speci ed with
an architecture consisting of unions and re nements of integrated speci cations.
The modelled systemwill be a cryptographic infrastructure with a certralized
trustcenter, from which public keys of participants can be obtained.

We will outline the step-wisedewelopmert of the system by re nement, where
we start with an abstract speci cation in Section5.1, which just statesthe basic
requirements of a systemwith hosts excdhanging messages.

This speci cation is re ned by introducing encryption of the messageswith
an asymmetric cryptographic algorithm in Section 5.2, where an infrastructure
with a trustcenter, from which the keys of other hosts are obtained, is speci ed
by a CCS high-level constraint. The algorithm, however, is left genericand only
speci ed by abstract requiremerts.

In Section 5.3 the structure of the communication net is introduced by making
the hosts a dynamic sort with links betweenthem and specifying the behaviour
of the communication medium with attributed graph transformation.

The cryptographic algorithm is re ned in Section 5.4 by the use of the RSA
algorithm, which is speci ed by an algebraic speci cation.

Possible changesto the net structure are specied with the use of attributed
graph transformation in Section 5.5. The union of this speci cation with the
speci cation from Section 5.4 yields the speci cation of the systemasfar aswe
want to gointo detail.

5.1 Basic Requiremen ts

The signature of the basicrequiremerts speci cation Requ in Figure 5.1 provides
an abstract view of the communication system. There are two static sorts host,
represeriing the communicating hosts, and content, represetiing the possible
cortent of messagedo exchange. The operation received is meart to assign
to ead host the last received message.Finally, the transformation message is
supposedto mean the transmission of a messagewith the content in the cont
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data type:

sorts: host, content

data state:

opns: received: host — content

trafos: message( from,to: host, cont: content; \)

Figure 5.1: Signature of Requ

parameter from the host denoted by the from parameter to the host denoted
by the to parameter.

pre-post: For message:
received@post(to) de ned
received@post(to) = cont

Figure 5.2: Constraint for Requ

The only constraint is the pre-post constraint for message in Figure 5.2, stating
that after a message transformation step the value of received for the receiving
host should be de ned and the sameasthe cont parameter of the transformation
step.

5.2 Abstract Asymmetric Encryption

data type:
sorts: host, plain, cipher, pubkey, seckey, keypair
opns: pub: keypair — pubkey
sec: keypair — seckey
enc: pubkey plain — cipher
dec: seckey cipher — plain
data state:
opns: kp: host — keypair
received: host — plain
trafos: send(from,to: host, pln: plain; \)
recv(from,to: host, pln: plain; \)
rqu( from,to: host; \)
rpl(from, to: host, pk: pubkey; \)
crpsend( from,to: host, cph: cipher; X)
crprecv(from, to: host, cph: cipher; \)
procs: message( from,to: host, cont: plain; \)

Figure 5.3: Signature of AbstrEncr
Now we want to introduce the encryption of messagegluring transmission. In

the signature of the re ned speci cation AbstrEncr, shonn in Figure 5.3, the
sort host is presened, while the sort content is renamedto plain to distinguish
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plaintexts from the newly intro duced ciphertexts in sort cipher. The codomain
of the dynamic operation received is altered accordingly. The transformation
message iS re ned by a processwith the samename.

Thus, the signature re nement enc: Requ  AbstrEncr is givenby enc(host) =
host, enc(content) = plain, enc(received) = received and enc(message) =
message.

The static sorts keypair with assignedpublic keysin sort pubkey and secret
keysin sort seckey and the static operations enc and dec for encryption and
decryption are newly introduced. The new dynamic operation kp shall assign
keypairs to hosts. It is dynamic in order to allow changesto the net in subse-
guert re nement steps. The various transformations will serve asatomic actions
for the CCS constraint below.

condequ: For all kp: keypair, m: plain:
dec(sec(kp), enc(pub(kp), m)) de ned
dec(sec(kp), enc(pub(kp), m)) = m
For all h: host:
kp(h) de ned
pre-post: For recv:
received@post(to) de ned
received@post(to) = pln
CcCs: enc() =  send;,(from,to,pln).
rqUoyt (from, to).
rplin (from,to, pk).
crpsendyy(from, to, enc(pk, pln)).
enc()
trust() = rqui(from,to).
rplout(fromv t07 pUb(kp(tO))) .
trust()
medium() =  crpsend,(from,to, cph).
crprecvoy(from,to, cph).
medium()
dec() = crprecvi,(from,to, cph).
recvou(from, to, dec(sec(to), cph)).
dec()
crpmedium() = (enc() | trust() |
medium() | dec() )\
{rqu,rpl, crpsend, crprecv}
message(from,to,cont) =  ( sendyyu(from,to, cont).
recvin(from,to, cont).0 |
crpmedium() )\
{send, recv}

Figure 5.4: Constraints for AbstrEncr

The rst constraint in Figure 5.4 is an equation stating the requiremert that
decryption is the inverseof encryption for the keypairs. Note that the de ned-
nessconstraint for dec(sec(kp), enc(pub(kp), m)) implies de nednessof all of the
parts of the term, especially pub(kp), sec(kp) and enc(pub(kp), m). Moreover,
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ead host is required to have an assaiated keypair.

The secondconstraint is a pre-post constraint on the transformation recv, stat-
ing that the plain text in pin shall be storedin received(to) after arecv transfor-
mation step. This is corresponding to the pre-post constraint on message in the
basic speci cation. Togetherwith the following CCS constraint the translation
of the message constraint is implied.

Finally, the CCS constraint describeshow the transmission of messagess real-
ized by encryption and decryption agerts enc and dec, a medium medium and
a trustcenter trust.

The encryption agert beginswith a send input action. It then requeststhe
public key of the recipient using a rqu output action, gets the answer in a rpl
input action and, nally , sendsthe encrypted messageto the medium via a
crpsend output action.

The decryption agert is triggered by a crprecv input action and just decrypts

the messageand forwards it with a recv output action. It is assumedthat the

dec() agert acts on behalf of the receiving host and therefore has direct access
to the secretkey.

The medium just gets an encrypted messagewith a crpsend input action and
forwardsit to the receiverwith a crprecv output action. The trustcenter answers
to rqu input actionswith the public key of the receiver in a rpl output message,
sothat the encryption agert doesnot have to know the public keysof all hosts.

Thesefour agerts are parallelized to form the encrypted medium crpmedium,
which is then used to specify the message processby parallelization with a
cortrol agert doing the send action of the senderthe recv action of the receiver
and then terminating.

e oy 5 )

rqu rpl

trust()

Figure 5.5: Agents in the CCS constraint for AbstrEncr

The interconnectionsof the agerts in crpmedium are depicted in Figure 5.5.

The signature re nement enc: Requ  AbstrEncr IS a proper speci cation re-
nement, becausethe three constraints above imply the translation of the pre-
post constraint for message, which is identical to the original constraint (except
the translation of the sort of the cont parameter), since pre-post constraints can
also be attached to processes.
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5.3 Net Structure and Comm unication

In this section we want to re ne the static hosts by a dynamic net structure
and specify the communication betweenhosts, i. e. what happens betweenthe
crpsend and the crprecv transformations in the message processor, more pre-
cisely, in the medium agert.

We capture this formally by a re nement of the subsignature AbstrNet of
AbstrEncr, where Abstr N et consistsof the sorts host and cipher and the trans-
formations crpsend and crprecv.

data type:

sorts: cipher

data state:

sorts: host, envelope, link,
sender, receiver, location

opns: cntnt: envelope — cipher

Inksrc:link — host

Inktrg: link — host

sndsrc: sender — host

sndtrg: sender — envelope

rcvsrc. recetver — envelope

rcvtrg: receiver — host

locsrc: location — envelope

loctrg: location — host

trafos: crpsend( from, to: host, cph: cipher; env: envelope,

snd: sender, rcv: receiver, loc: location)

crprecv(from, to: host, cph: cipher, env: envelope,
snd: sender, rcv: receiver, loc: location; \)

pass(curr, next: host, cph: cipher, env: envelope,
Ink: link, loc: location; loc’: location)

Figure 5.6: Signature of DynNet

In the re ned signature DynNet in Figure 5.6, which is supposedto be the
signature of a setof attributed graph transformation rules, the sort host becomes
a dynamic sort of nodes, which are connected by edgesof sort link. In this
section we assume, that the hosts form a ring, which is ensured by the net
structure changesin Section 5.5 and equational constraints below.

Moreover, a secondnode sort envelope is intro duced, which represens messages
being in transit betweentwo hosts, where the ciphertext being transmitted is
kept in the entnt-attribute. An envelope is connectedto the senderand the
receiver of the messageby edgesof sort sender and receiver respectively, and
to the current location of the messageby edgesof sort location.

For the transformation symbols crpsend and crprecv additional parametersfor
the new graphical elemeris are addedto the signatures. The passingof a mes-
sageis represerted by the transformation pass.

The signature re nement dyn: AbstrNet  DynNet is given by dyn(host) =
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host, dyn(cipher) = cipher, dyn(crpsend) = crpsend and dyn(crprecv) =
crprecv. It is not a signature morphism becauseof host becoming dynamic
in DynNet.

condequ: For all 1,12:link:
Inksrc(ll) = Inksrc(l2) — 11= 12
Inktrg(11) = Inktrg(l12) — (1= 12

Figure 5.7: Equational Constraints for DynNet

The two equational constraints in Figure 5.7 ensurethat for ead host there is
at most one incoming and at most one outgoing link. Note, that the follow-
ing attributed graph transformation constraint implies that all of the dynamic
operations are total functions. We are not able to formulate by equational con-
straints the requiremerts, that there exists an incoming and an outgoing link
for eadh host and that they form just one ring, unconnectedhosts or disjoint
rings of hosts are still possible.

Nodes: host: @ envelope:

Edges: sender, receiver: ——
location; - -  link ---»

; s SR :
\CUIT™- |oc next:‘curr 3: loc' i
1 ! ! |
I v ' N I v I
: m ST T Y B
! env n env ! env w

Figure 5.8: AGT constraint for DynNet

The attributed graph transformation rulesin Figure 5.8 specify the transforma-
tions crpsend, crprecv and pass. The transmission of messagess realized by
ervelopes,which are created at the location of the sendinghost by applications
of the crpsend-rule and can be consumedby applications of the crprecv-rule, if
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the envelope is located at the receiving host. The transmissionitself is achieved
by subsequeh applications of the pass-rule, which moves the envelope along
onedirect link betweenhosts.

5.4 RSA Algorithm

Now, we will re ne the encryption of messageso use the well-known RSA
algorithm. This re nement is mostly independent of the re nement of the net
structure in the last section. We chooseto embed the re nement of the net
structure into this re nement. Hence, we get the speci cation architecture in
Figure 5.9.

Requ
Abstr Net
enc
dyn
AbstrEncr
DynNet
3
RSAEnNcr

Figure 5.9: Architecture of the speci cations

The RSA algorithm is basedon exponertiation modulo a product n of large
prime numbers p and ¢. Its security dependson the fact, that factorization is
not e cien tly possiblefor large prime factors, which are neededto calculate the
inversefor the exponertiation. The public exponert ¢ hasto berelatively prime
to ¢(n), where ¢ is Euler's phi function given for a product of two primes by
d(pqg) = (p — 1)(q — 1). The private exponert d hasto satisfy ged(ed, p(n)) = 1
to be the inversefor exponertiation modulo n. Now encryption of a natural
number m into a ciphertext ¢ is done by ¢ = m® mod n, and decryption by
m = ¢ mod n.

Sincetheseare operations on natural numbers,we rst needthe speci cation of
the neededoperationsin Figure 5.10. The constart zero, the successopperation
suce, addition add, multiplication mul and exponertation pow are de ned as
usual for algebraic speci cations. Moreover, we need a predicate It for \less
than", a predecessorpred, the remainder mod, the greatest common divisor
ged, which is speci ed by the equations underlying Euclid's algorithm, and a
predicate prime.

The signature of RSAFEncr in Figure 5.11 is a combination of DynNet and
AbstrEncr on the data state, transformation and processlayers. On the data
type layer additional selectoroperations for keypairs, public and secretkeysare
added, which represen the parameters of the algorithm.
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NAT =
sorts:
opns:

condequ:

opns:

condequ:

opns:

condequ:

opns:

condequ:

opns:

condequ:

opns:

condequ:

opns:

condequ:

opns:

condequ:

opns:

condequ:

opns:

condequ:

nat

zero. — nat

zero de ned

succ: nat — nat

For all n: nat:

suce(n) de ned

add: nat nat — nat

For all nl,n2:nat:

add(nl,n2) de ned

add(nl, zero) = nl

add(nl, succ(n2)) = succ(add(nl, n2))
mul: nat nat — nat

For all nl,n2:nat:

mul(nl,n2) de ned

mul(nl, zero) = zero

mul(nl, suce(n2)) = add(mul(nl, n2),nl)
pow: nat nat — nat

For all n1,n2:nat:

pow(nl,n2) de ned

pow(nl, zero) = succ(zero)
pow(nl, succ(n2)) = mul(pow(nl, n2),nl)
lt:natnat — A

For all nl,n2,n3:nat:

lt(nl, succ(nl))

lt(nl,n2),lt(n2,n3) — lt(nl, n3)
pred: nat — nat

For all n: nat:

lt(zero,n) — pred(n) de ned
pred(suce(n)) = n

mod: nat nat — nat

For all nl,n2:nat:

lt(zero,n2) — mod(nl,n2) de ned
lt(nl,n2) — mod(nl,n2) = nl
mod(add(nl,n2),n2) = mod(nl, n2)
ged: nat nat — nat

For all nl,n2:nat:

ged(nl,n2) de ned

ged(nl, zero) = nl

ged(nl, n2) = ged(n2, mod(nl, n2))
prime: nat

For all nl,n2:nat:

prime(nl) — ged(nl, n2) = succ(zero)

Figure 5.10: Specication for natural numbers N AT
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5.4. RSA ALGORITHM

data type:

sorts:
opns:

data state:

sorts:

opns:

trafos:

procs:

NAT+

plain, pubkey, seckey, keypair
pub: keypair — pubkey
sec. keypair — seckey
minn. — nat

p: keypair — nat

q: keypair — nat

n: keypair — nat

e: keypair — nat

d: keypair — nat
pubn: pubkey — nat
pube: pubkey — nat
secn: seckey — nat
secd: seckey — nat
encode: plain — nat
decode: nat — plain

host, envelope, link,

sender, receiver, location

kp: host — keypair

received: host — plain

cntnt: envelope — cipher

Inksrc:link — host

Inktrg: link — host

sndsrc: sender — host

sndtrg: sender — envelope

rcvsrc: receiver — envelope

rcvtrg: recetver — host

locsrc: location — envelope

loctrg: location — host

send(from,to: host, pln: plain; \)

recv(from, to: host, pln: plain; \)

rqu( from, to: host; \)

rpl(from, to: host, pk: pubkey; \)

crpsend( from,to: host, cph: cipher; env: envelope,
snd: sender, rcv: receiver, loc: location)

crprecv(from, to: host, cph: cipher, env: envelope,
snd: sender, rcv: receiver, loc: location; \)

pass(curr, next: host, cph: cipher, env: envelope,
Ink: link, loc: location; loc’: location)

message( from,to: host, cont: plain; \)

Figure 5.11: Signature of RSAEncr
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Sincethe RSA algorithm operates modulo n, only numbers lessthan n can be
encrypted. We give a constart minimum for this number, represened by minn,
and an encaling and a decading operation, which shall translate plaintexts to
numbers lessthan minn.

The enc and dec operations of Abstr Encr are not included, becausethe re ne-
mert rsa: Abstr Encr RS AEncr assignsencryption and decryption to the
operations of the RSA algorithm. This re nement is given by

enc(pk, m) — mod(pow(encode(m), pube(pk)), pubn(pk)) and
dec(sk, c) — decode(mod(pow(c, secd(sk)), secn(sk)))

where the sort cipher is mapped to nat.

condequ: minn de ned
For all m: plain:
decode(encode(m)) de ned
decode(encode(m)) = m
lt(encode(m), minmn)
For all kp: keypair, pk: pubkey, sk: seckey:
p(kp), q(kp), n(kp), e(kp), d(kp), pub(kp), sec(kp) de ned
pubn(pk), pube(pk), seen(sk), secd(sk) de ned
pubn(pub(kp)) = n(kp)
pube(pub(kp)) = e(kp)
secn(sec(kp)) = n(kp)
secd(sec(kp)) = d(kp)
prime(p(kp)) , prime(q(kp))
n(kp) = mul(p(kp), q(kp))
lt(minn, succ(n(kp)))
ged(e(kp), mul(pred(p(kp)) , pred(q(kp)))) = succ(zero)
ged(mul(e(kp), d(kp)) , mul(pred(p(kp)) , pred(q(kp)))) =

suce(zero)
For all h: host:
kp(h) de ned
pre-post:  For recv:
received@post(to) de ned
received@post(to) = pin

Figure 5.12: Constraints for RSAEncr

Now, the rst four constraints for RSAEncr in Figure 5.12 ensurethat minn
is de ned and that encaling and decading with encode and decode works prop-
erly and results in natural numbers lessthan minn. Next, all componens of
keypairs, public and secretkeysare required to be de ned and the componerts
of public and secretkeys are speci ed to be the corresponding componerts of
the keypair. The next six constraints ensurethe properties given above for key-
pair componerts. At last, the equational constraint requiring all hoststo have
assaiated keypairs and the pre-post constraint specifying the e ect of the recv
transformation on the dynamic received operation, which were both already
presert in AbstrEncr, are repeated.
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Moreover, the CCS constraint from Section 5.2 and the AGT constraint from
Section 5.3 have to be translated via the re nement rsa and the inclusion into
RS AEncr, wherewe can leave the CCS speci cation and the AGT rules asthey
are and just have to composethe re nements and morphisms respectively.

5.5 Net Structure Changes

In this sectionwe add the possibility to changethe dynamic net structure from
Section 5.3. This is formalized in an extension ChangeNet of the speci cation
DynNet. The whole system specied so far can be achieved by the union
of RSAEncr and ChangeNet over DynNet as depicted in Figure 5.13. We
will not give the speci cation of the union explicitly here, becauseit is just a
combination of the speci cations RSAFEncr and ChangeNet.

Requ

AbstrNet
enc
dyn

AbstrEncr

4

RSAENcr ChangeNet

DynNet

System

Figure 5.13: Architecture of the speci cations

The enhancedsignature of ChangeNet in Figure 5.14 hastwo additional trans-
formation symbols addhost, which is supposedto insert new hostsinto the ring,
and delhost, which shall remove hosts from the ring. These are again meart
to represert AGT rules and therefore include parametersfor all hosts and links
a ected by the change.

The constraints of ChangeNet are the sameasin DynNet with the additional
rules in Figure 5.15. Theserules ensurethat the ring structure is presened,
when a host is added or deleted.

Note, that the last host cannot be remaoved, becausethe delhost rule is not
applicable, if no host remains after the deletion. Likewise,there hasto be at
least one host with a link to itself in the ring initially , becausethe addhost rule
needsa link to be replacedby the new host.
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data type:

sorts: cipher

data state:

sorts: host, envelope, link,
sender, receiver, location

opns: cntnt: envelope — cipher

Inksrc: link — host

Inktrg: link — host

sndsrc: sender — host

sndtrg: sender — envelope

rcvsrc: receiver — envelope

rcvtrg: recetver — host

locsrc: location — envelope

loctrg: location — host

trafos: crpsend(from, to: host, cph: cipher; env: envelope,

snd: sender, rcv: receiver, loc: location)

crprecv(from, to: host, cph: cipher, env: envelope,
snd: sender, rcv: receiver, loc: location; \)

pass(curr, next: host, cph: cipher, env: envelope,
Ink: link, loc: location; loc: location)

addhost(hl, h2: host, Ink: link; new: host,l1,12:link)

delhost(hl, h2, host: host, l1,12:link; Ink: link)

Figure 5.14: Signature of ChangeNet

addhost

E K R
S o § Jmi}
" hl h2 1\ hi he |} h1 11 129h2 |
i new ]
delhost

R K R
| g O
'hia1 12902 1) hl h2 ! hi h2
Loohest b

Figure 5.15: AGT constraint for ChangeNet
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Chapter 6

Conclusion

In this report we have given a formal framework for the integration of data type,
state transformation and processaspects of systems, in which heterogeneous
modelling techniques can be usedto constrain di erent parts of systems.

We will now give someremarks on related work and future perspectives.

Our framework, as the one in [EO01q it is basedon, is strongly related to
the transformation systemsof Gro e-Rhodein [GRO1]. Transformation systems
cortain a transition graph, similar to our RSTSs, that are interpreted in a data
spaceconsisting of partial algebrasas nodes and action sets as labels, similar
to our DSTS. The di erences to our framework are, that a systemis described
by a single transition graph and the data spaceis not constrained in any way,
and, thus, contains all partial algebrasand all possibleaction sets. Moreover,
no static data type is distinguished.

For transformation systemsan amalgamation of transition graphs is de ned,
which usessyndironization relations to determine, which states should be iden-
tied and which transitions syndironized. Thus, this amalgamation allows the
structure of transition graphsto be constructed out of smaller transition graphs.
This construction could be adopted to our framework in future work.

The concept of re nements could be used as transformations in the senseof
[EOB*T02a EOB*02h] to de ne a transformation semartics, where transforma-
tion semartics is a concept for a purely syntactic semarics of speci cations
de ned by all possibletransformations. By de ning an extensionof re nements
along inclusions this would yield a re nement-based componert concept as an
instantiation of the transformation-based componert conceptin [EOB*024],
which would be an alternativ e to the transformation-based componert concept
for integrated speci cations givenin [EOB1024.

Finally, a further point of future work could be the de nition of constructive
morphisms like in [EO01b], which would yield the possiblity of parameterized
integrated speci cations, where a model of the body speci cation is constructed
from the parameter speci cation.

These constructive morphisms would give the possibility to de ne componerts
in the senseof [EO01b], which wereinspired by the algebraic speci cation mod-
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ules of [EM90], where the semartics of a componert is a construction along a
constructive import morphism, followed by a restriction or abstraction along an
export morphism or re nement.
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